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LIFTINGS OF NICHOLS ALGEBRAS OF DIAGONAL TYPE 

I. CARTAN TYPE A 

NICOLAS ANDRUSKIEWITSCH; IVAN ANGIONO; AGUSTIN GARCIA IGLESIAS 


Abstract. After the classification of the finite-dimensional Nichols al¬ 
gebras of diagonal type |H11 IH2| , the determination of its defining re¬ 
lations EBEl], and the verification of the generation in degree one 
conjecture |A2 |. there is still one step missing in the classification of 
complex finite-dimensional Hopf algebras with abelian group, without 
restrictions on the order of the latter: the computation of all deforma¬ 
tions or liftings. A technique towards solving this question was devel¬ 
oped in |A-|-| , built on cocycle deformations. In this paper, we elaborate 
further and present an explicit algorithm to compute liftings. In our 
main result we classify all liftings of finite-dimensional Nichols algebras 
of Cartan type A, over a cosemisimple Hopf algebra H. This extends 
|AS1 |. where it was assumed that the parameter is a root of unity of 
order > 3 and that R is a commmutative group algebra. When the 
parameter is a root of unity of order 2 or 3, new phenomena appear: the 
quantum Serre relations can be deformed; this allows in turn the power 
root vectors to be deformed to elements in lower terms of the coradical 
filtration, but not necessarily in the group algebra. These phenomena 
are already present in the calculation of the liftings in type A 2 at a 
parameter of order 2 or 3 over an abelian group |BDRI IHe |, done by a 
different method using a computer program. As a by-product of our cal¬ 
culations, we present new infinite families of finite-dimensional pointed 
Hopf algebras. 


1. Introduction 

1.1. The general context. This is the first article of a series intended to 
determine all liftings of finite-dimensional Nichols algebras of diagonal type 
over an algebraically closed field of characteristic zero k. The end of this 
series will also conclude the classification of the finite-dimensional pointed 
Hopf algebras with abelian group of group-likes, without restrictions on 
the order of the group. The setting, slightly different than in is the 

following. We fix: 

o A cosemisimple Hopf algebra H. 

o A braided vector space of diagonal type {V, c), with a principal realization 
in ^yT), such that the Nichols algebra 53(H) is finite-dimensional. 
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We place ourselves in this more general context in order to contribute to the 
classification of Hopf algebras with finite Gelfand-Kirillov dimension, and 
more precisely to those that are co-Frobenius; see [AAHj . 

A lifting of V G ^ Hopf algebra L such that gr L = 

where gr L is the graded Hopf algebra associated to the coradical filtration. 
In other words m 2.4], L is a lifting of V iff there is an epimorphism of 
Hopf algebras f : T{V) := T{V)ifH —>■ L such that f)\ij = idn and 

(1.1) : H © VffH —>■ Li is an isomorphism of Hopf bimodules. 

Such (j) is called a lifting map. If emphasis on H is needed, then we say that 
L is a lifting of V over H] \i H = kG is the group algebra of the group G, 
then we also say that L is a lifting of V over G. 

The aim of the series is to compute all liftings of every V as above. It 
seems very hard, and probably not feasible, to give a uniform answer to this 
problem, i.e. compact formulae valid for all V. We proceed then by a case- 
by-case analysis of the list in the classification of [H2j . Let r^,, rjy be the 
defining (homogeneous) relations of 1B(H), computed in |A2j : let Uj = degrj. 
If (/) is a lifting map as above, then there exists pj £ 0 T^{V)ipH such 

0<i<nj 

that (p{rj) = 4>{pj), for all j. Our approach is: 

0 To establish the general form of the Pj’s, in terms of the r^-’s and some 
parameters. 

0 To define a Hopf algebra L = TiV)/{ri —pi, ... , tm —Pm) for each choice 
of the parameters alluded above and to prove that grL ~ ^[V)ffH. 

0 To show that every lifting can be obtained in this way. 

In situations considered in previous work [ASlllAE^ the cpirjfs belong to 
H and were computed recursively, while the remaining points were dealt with 
by ad-hoc manners. In this series we proceed recursively again but following 
the strategy in Ml, inspired by |GM[ IM] ; namely, we compute a sequence of 
quotients of T{V) as cocycle deformations of a parallel sequence of quotients 
of the form describing eventually L = T{V)/{ri — pi, ..., rjy — Pm) 

as a cocycle deformation of = T{V)/{ri,... ^tm)- See Section [3l 

In this paper we compute all liftings for V of Cartan type A, over a root 
of unit f of order 2 or 3. The case when ^ has order > 3 is known for 
group algebras of finite abelian groups [ASH §6]; we extend this to a general 
cosemisimple Hopf algebra. See Theorems fLbl ll.8l and ll.10l There are three 
reasons to start with Gartan type A. First, it is the Dynkin diagram of Her 
all-embracing Majesty |W] . Second, formulae for the Nichols algebras of this 
type are much more explicit than for other types. Third, the experience and 
results for this type would help to understand and solve the other types. 

1.2. The main result. Let 0 G N and I = {1,... , 0}. Let H be a braided 
vector space of diagonal type with basis {xi)i^i and braiding matrix q = 
Let {ai)i^i be the canonical basis of Z®. The braided Hopf algebra 
T{y) is Z^-graded hy \xi\ = Ui, i G 1. Let x : x Is be the bilinear 
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form defined by x(aj,Q:j) = qtj, i,j G I; set Qa^ = x(o^,/3), a,/3 G Z®. The 
braided commutator is defined on Z^-homogeneous elements u,v G T(y) by 

[u,v\c = uv - q\u\\v\vu. 

Then adcXj(n) := [xi,v\c- Let ^ be a primitive A^-th root of unity, N >2. 
We fix a braiding matrix {qij)ij^i such that 

(1.2) qii = i, ’ I* ^ bjel- 

This is a braided vector space of Cartan type Ag and the corresponding 

g ^-1 ^ ^-1 ^ ^ g-i ^ 

generalized Dynkin diagram, cf. [H2] . is o-o-o.o-o . 

The corresponding Nichols algebra is indeed the multiparametric version of 
the positive part of the small quantum group, or Frobenius-Lusztig kernel, 
of type Aq. For f < j € I, we denote (ij) = Yli<k<j^k £ clearly 
{(zj) : f < j G 1} is the set of positive roots of the root system Aq. The 
associated Lyndon words are defined recursively by 

jxj, i=j, 

X(i n) = \ / 

1 + 1 <j, 

in T{V) or any quotient thereof. We also need the notation Xij = [xi,Xj]c, 
i < j G I. We now state the presentation of B{V) by generators and rela¬ 
tions. Part (fT]! was proved in |ASlj. inspired bv [I]; (f2|) is from [ADj . 

Proposition 1.1. (1) Assume that N > 2. Then ®(P) is generated by 
{xi)i^i with relations 

(1.3) Xij = 0, z < j - 1; 

(1.4) {adcXif{xj) = 0, |j-i| = l; 

(1.5) xf^jj = 0, i< j. 

The distinguished pre-Nichols algebra B(y) |A3t Definition 1] is gener¬ 
ated by {xi)i^i with relations (II.3p and (jl.ip .- this is denoted BiV) in 
[MTl §6.3]. 

(2) Assume that N = 2. Then 5S(P) is generated by {xi)i,=i with relations 
(|1.3p . (II.5p and 

(1.6) = 0, 1 < z < 6». 

The distinguished pre-Nichols algebra B(y) |A3P Definition 1] is gener¬ 
ated by {xi)i£i with relations (II.3p . (|1.4h and (II.6p . 

Remark 1.2. Relations (II.6p hold for A" > 2, by (jl.3p and (|1.4p . 

When N = 2, (|1.4p becomes 

xfxj + qijXjxf = 0, |j - ij = 1. 

Since x? = 0 by (II.5h . (II.4p holds in 5S(R); thus 5S(R) is a quotient of BiV). 
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Remark 1.3. The distinguished pre-Nichols algebra B{V) is meant to have 
the same set of PBW generators, hence the same root system, as B(y). 
By this reason, the choice of the defining relations is performed so as to 
guarantee this property. In particular, one needs relations to reorder any 
pair of PBW generators. 

Assume V is of Cartan type A. If N > 3, then this is automatically 
attained provided that the quantum Serre relations and (11.41) hold, 

see |AS1[ Lemmas 6.4 & 6.7]. When N = 2, then quantum Serre relations 
m and (11.41) are not enough, as we can not reorder the PBW generators 
and Xi, 1 < i < 6; hence the need of (11.61) . Now, this enlarged set 
of relations suffices, as it is shown in Lemma l4.II 

Assume that N > 3. Then all liftings of V (over a finite abelian group) 
are classified in [ASl] Theorem 6.25]. In this paper we classify all liftings of 
V when N = 2 or 3. To present our main results, we need more notation. 
Let {gi,Xi)i^i be a principal realization of V over H, see ^2.21 let 

r = {gi,.. ■,ge)- 

For ii,... ,ik G I distinct, A; G N, set 

■ gii • • • 9iki Xii,...,ik • ) [^* 2 ...,a]c]c-) 

9{ij) ■ 9i,i+l,...,j j X{ij) • Xi,i+l,...,j ^ ^ 4 G I. 

Also, if f < j G I, then let us fix := 1, X{ji) •= £■ 

1.2.1. Component in P. Here N > 2 is arbitrary. For i < j G I we set 

(1.7) Cp = Clp = {l- q~^)^Xiip){9{p+ij})^^^~^^^^- 

If the quantum Serre relations (II.3p and dUD are not deformed, then the 
lifting problem is equivalent to the following question, which amounts to 
solving an equation in kF, see |AS1I (6-36)], [ADI §3]: 

o Find all families (^^(i j))i<jei of elements in kF, such that 

(1.8) A(n(ij)) = (?) 1 + gf^j^ 0 ^ j) ^(p+i j)- 

i<p<j 

The solutions to m are given in [ASl] Theorem 6.18]. These are dehned 
recursively on j — i > 0 [ASH 6-40] as elements for each familj0 of 

scalars 7 = {'yij)i<jeh by 

(1.9) =Xij{f-9(tj)) + ^XipU^p+ij)^). 

i<p<j 


^The parameters 7 ij are called fiij (more precisely fia, a sl root) in |AS2] . This is the 
notation we shall adopt in this article. 
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If (M(j j)( 7 ))j<jg][ is a solution, then the quotient of T{V)i^H by the ideal 
generated by 

r = 0, r (generalized) quantum Serre relation; 

( 1 - 10 ) N 

is a lifting of V, by Theorems 11.61 11.81 and 11.101 It was shown in [ASH 
6.25] that all liftings arise like this if is a commutative group algebra and 
N > 3. In Theorem 11.101 we extend this to any cosemisimple H. We also 
compute all liftings when N >3. 

A key difference in the case A^ < 3 is that solutions to (|1.8I) are a part 
of the general solution, see (11.131) below. In particular, we show that the 
deformations do not necessarily restrict to the coradical. See for instance 
the concrete Examples 14.211 and 15.251 


Remark 1.4. In the present article we use an equivalent version of (jl.Oj) . 
Namely, we consider families of scalars fi = {fJ-(ki))k<iei subject to 

(1-11) l^(fcz)=0, ifX(Ii)^e> or5j^;) = l. 

We define recursively U(jfc) = U(jfc)(/i) G kT, j < A: G I, by Uj-j^ = 0, and 

( 1 . 12 ) k'{jp)i^ ~ 9[jp))^9[p+ik)- 

j<p<k 

The comparison with the previous solution is as follows: define 7 = 7 (/.t), 
7 = {lij)i<j&i 1 by 77 ~ 9{ij) ~ Y2i<p<j ^plip9{p+ij)i * — j- Then 

ii(jfc)(7) = U(jfc)(/J) +/i(jfc)(l - 

1.2.2. The shape of the liftings. In the general case N >2, we show that the 
lifting problem is equivalent to solving an algorithm, described synthetically 
in ^3.31 An equation similar to (|1.9I) must be solved recursively, this time 
with solutions in the previous term of the coradical filtration. We show for 
type Aq in Theorems 11.6111.81 and 11.101 that any lifting of V is given by 

i. a solution 

ii. elements Vr{^) G kT, one for each (generalized) quantum Serre rela¬ 
tion and associated to scalars A = {Xr)r- See (I1.18[l . (ll.lOh . (II. 261) . 

hi. elements fi) G T{V)4fH, computed algorithmically. 

The corresponding lifting is the quotient of Tiy)ffH by 

r = Ur (A), r (generalized) quantum Serre relation; 

+ i<j Gl. 

Compare with (11.101) . When N > 3, Xr = 0 for all r and thus Ur(A) = 0, also 
n) = 0. When N = 3, Xr ^ 0 only for r of type (jl.4l) as relations 
(|1.3p remain unchanged. 

The case A^ = 2 is actually a bit more involved, as the deformation of 
the generalized quantum Serre relations (|1.6j) depends on the deformation of 
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the powers of the simple root vector relations, see (jl.l9p . Also, in Theorem 
11.61 the last line of ()1.13p is expressed as Cfij-j = z < j G I, as = 
terms see Remark 14.161 The family i/ = controls the 

deformations of the generalized quantum Serre relations. 

1.2.3. The main result, N = 2. Here ^ = —1. We fix a family of scalars 
M = {T{ki))k<i& subject to the constraints and normalizations (jl.lip . We 
consider two more families of scalars 

^ )i<j —iGl) ^ 

subject to the constraints and normalizations 

Ay=0, ifxij/e, OTgij = T, 

= 0, if / e or = 1. 

We define families of elements in TiV) attached to these parameters in the 
following way. To distinguish from the sequence of pre-Nichols algebras, we 
denote now by (aj)jgn the generators of T{V)-, correspondingly, we denote 
(kij, instead of Xij, 

Let i,j € I, \i—j\ > 2. We define recursively scalars dij{s), bij{s), s G No, 
as follows: dzj(O) = 2Ajj, bij{0) = —2xj{g(ij))Xij, and for s > 0, 

(1.15) dij(^s) — Qij ^ ^ djj-|_ij-|_2t+2(s t 1)) 

0<t<s 

(1.16) bij{s) = ^ bi+ij{t)dii+2t+2{s-t-l). 

0<t<s 

We define recursively C{jk) S T{V) as follows: C(jj) = a-iid for j < k 

(f'f7) C(j k) [^j J C(j+1 k)\c dji^(0')X(^j k){.9j') C(j+1 k—l)9jk 

+ 2 ^ djk-2t{t)X{j+lk-2t-l){9j)C{j+lk-2t-l)9j9{k-2tk)- 

l<t<{k-j-l)/2 

Let u(A,/x,i/) be the quotient of T{V) by the relations 

(1.18) Qij = Ajj(l 9i9j)l 

(1.19) [a(i_ij+i),ai]c = Ui{l - gfgi_igi+i) 

- ‘^Xi{gi-l)9(i)^i-li+l9i-l9i+l{'^ “ 9i)] 

(1-20) ^{j k) ~ T(j k)0- ~ 9(j k)) ^{j k)j 

for U(j fc) = U(j fc)( /j) as in p.l2p . 

The relations (11.181) are deformations of (11.311 . while (ll.20p are deforma¬ 
tions of (11.51) . and (jl.l9p are deformations of (|1.6I) . 

Remark 1.5. The quotient u(A, /x, u) of T{V) by the relations (jl.l8p . (jl.l9p 
and (11.201) for j = A: is a cocycle deformation of B{V)i^H. 

Recall that that V is of type Aq at ^ = —1. 
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Theorem 1.6. The algebra is a Hopf algebra quotient ofTiV) 

and is a lifting of V. Reciprocally every lifting of V over H is isomorphic 
to u(A,/i,i/) for some family of scalars X, /x, ix as in (jl.lip . In particular, 
every lifting is a cocycle deformation of B{y)ffH. 

Proof. We follow the strategy in ^ If R = B{V)ffH, then u = u{X,pL,u) 
arises as L{A, TL) for a given A = w4(A, /x, u) € Cleft TL such that gr u ~ "H. 
The corresponding stratification cf. 93. II of the set of generators of the ideal 
dehning B{V) is given by Qq = { (jl.3p . (I1.6p . x?. i G I}, Gi = { (|1.5p }. The 
converse follows by Theorem 13.51 

The cleft objects A are obtained in Theorem 14.71 while the algebras u are 
described in Theorem 14.171 □ 

1.2.4. The main result, N = 3. Here = 1, ^ 1. We hx a family of scalars 

= {B{ki))k<iei subject to the constraints and normalizations (jl.lip . Pick 
an extra family of scalars A = subject to the constraints 

and normalizations 

(1.21) Ajjj — 0 if Xiij 7^ 9iij — 

We define families of elements in T{V) attached to these parameters. As 
in ^1.2.31 we denote now by (ajjjgi the generators of T{V)‘, and correspond¬ 
ingly Qij, a(^ij-^, Let us fix i < p < / G I and set q := p + 1, r := p + 2. 

First, we dehne hii{X) G F via 

(1.22) hii[X) = (1- 9iii+l)9ii+li+l9(^iJ^2l)' 

Next, we consider the following elements in T{V)i^H: 

^qrr(^f ^[ip)^[iq)^(ir) T Xp+2(.9{lp)')^{ip)^{ir)^{iq) 

T r)^{ip)^{i q)^ ■ 

Now, we fix Sp = —3(1 — ^^), p < I — 2, si -2 = 1, and set 

dil{p} X(ig)(5(gZ)5(r+1 Z))X(ip)(i7(r+l Z))■ 

We set 

(1.23) Q;(A,/x) = —3^ ^ ^ B{p+3l)Xr{9(p+3l))(^il{p)‘i^{^i B)9qrr9(p-\-3l)i 

i<p<l 

cf. Remark 11.91 below for a more complete description. Finally, we set 
(1-24) (T(i;)(A,/x) = hii{X) -b<7iz(A,/x). 

Let u(A, /x) be the quotient of T{V) by the relations 

(1.25) aij = 0, i<j-l; 

(1.26) anj — 9iij^i \j ^1 — 

(1.27) = p(ji)(l — -I-U(j;)-I-i < / G I. 


for U(ii) = U(ii)(/x) as in p.l2p and = cr(i/)(A,/x) as in p.24p. 
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The relations ()1.25p are deformations of ()1.3p . while ()1.26p are deforma¬ 
tions of (ll.4p and ()1.27p are deformations of (jl.5p . 

Remark 1.7. The quotient u(A) of T{V) by the relations (jl.25p and (jl.26p 
is a cocycle deformation of B{V)4^H. 

Theorem 1.8. The algebra u(A,/z) is a Hopf algebra quotient ofTiV) and 
is a lifting ofV. Reciprocally every lifting ofV is isomorphic to u(A,/x) for 
some families A and as in (ll.21|) . In particular, every lifting is a cocycle 
deformation of . 

Proof. Similar to the proof of Theorem 1 1.61 following the strategy in ^ The 
corresponding stratification of the set of defining relations for B{V) is given 
by Gq = { (11.31) . (11.41) }. Q\ = { (11.51) }. The converse follows by Theorem 13.51 
In this case, cleft objects A = .4(A, /x) are obtained in Theorem 15.151 while 
the algebras u{X, fi) = L{A,B{V)f^H) are described in Theorem 15.231 □ 

Remark 1.9. We give an explicit description of in terms of the PBW 
basis. See Corollary 15.271 To ease up the notation, we fix 

j-.= i+l, k-.= i + 2, q-.= p+l, r:=p + 2. 

Let the symmetric group S 3 act on {r,q,p} via (12)(r) = q, {23){q) = p. If 
p = i,j, then = 0. When p> i + 2, 

~ ~‘^^qrr^qqrX(ip){9q)^{ip)9qqr 


(1.28) 




'T(ka{p))(^{j a{q))0-{ia{r)) 






for ha^i G k 

a G S 3 , given by: 





^Xqqr {9{i p))X{i r) {9{j q) ) 5 

^(12),i 

= {e- 

dXqqr {9{ip))Xii9(k q)) 

CO 

II 

CXr {9i'}Xi (.9(j p )) 5 

^(13),i 

II 

1 

2)X(fcp) i.9ij )) 

^(123),i — 

^Xr { 9(1 p)'}Xi i9{k p )); 

^(132),i 

II 

q) i.9{i r))X{j p) idr)- 


1.2.5. The main result, N > 3. Here ^ is a root of unity of order N > 3. 
We fix a family of scalars pL = {p(ki))k<iei subject to the constraints and 
normalizations ( 11 . 111 ) . 

Let u{fx) be the quotient of T(V) by the relations 

aij = 0 , i < j - 1 ; 

O'iij — 0) \j ^1 — 1) 

«(Iz) = 9(ii)) i<lel, 

for U(ii) = as in p.l 2 p . 

Theorem 1.10. The algebra u{n) is a Hopf algebra quotient ofTiV) and is 
a lifting ofV. Reciprocally every lifting ofV is isomorphic to u(/r) for some 
pL as in (jl.lip . Hence, every lifting is a cocycle deformation of B{V)#H. 
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Proof. As in the case N = 3, the stratification of the set of dehning relations 
for B{V) is given by Go = {([OD, ([LID}, Gi = {((LSD}. We set PL = 

n = T{V)/{Go). 

In this case, the relations in Go cannot be deformed cf. [ASH Theorem 
5.6]. As a result, Cleft^?^ = {PL} and thus the corresponding deformation 
Cl = L{-,PL) ~ PL. This shows (I3.12p for j = 0 trivially. Let us denote by 
A = PL as (£i,'H)-bicleft object. 

Pick fi as in (jl.lip : set A{^l) the quotient of PL by the ideal generated by 

y{ii) = P{ii)^ 

It follows from [A3] that ^°^PL < 'LL is a normal coideal subalgebra and thus 
[SI Theorem 4], see also |A+1 Theorem 3.1], yields: 

Cleft'('H) = {A{n)\fJ. as in (II. 111) }. 

In particular, (I3.12p holds for j = 1. Now, we use (13.7p recursively, as in 
pp. [29]and|l8l More precisely, let d : M —>• £i (8> M denote the left coaction. 
Assume f = 1 to simplify the notation and set 

A = a(n)(8)l, L = 5(1,) A'p = 0(ip)5(p+i,) (8)5 (p+i,), 1 < p < ^, 

so (j(y(i,)) = A + B + {1 — Yl,i<p<i^p- Set also Cp as in (11.71) and 
r = y^iiy By [ASH Remark 6.10] we have: 

(5(r) = + ^ Cpafip)9fp+ii) ® vfp+iiy 

i<P<i 

We apply the deformation procedure following |A+1 Corollary 5.12], i.e. we 
assume recursively y(^_|_i,) = P{p+ii), and thus we get cf. (|3.7p : 

(1.29) “ X] ^P^(p+io(^P+ “ 5(^p)))5(^+i0- 

i<P<i 

Hence, L(/i) = L{A{yL),PL) ~ u(/x), by Proposition 13.31 (c). 

The converse follows from Theorem 13.51 □ 

1.2.6. Applications. The classification of all finite-dimensional pointed Hopf 
algebras over a group algebra H = kG whose infinitesimal braiding P is a 
principal realization of a braided vector space with braiding matrix (jl.2p 
follows from our main results because such Hopf algebras are generated in 
degree one |AG| . When ord^ > 3, the classification was obtained in [ASl] 
Theorem 6.25] assuming that G is abelian; the methods in ^ show that 
this hypothesis is not necessary. We extend this classification to the case in 
which H is any cosemisimple Hopf algebra. 

As a byproduct, new examples of Hopf algebras are defined, as deforma¬ 
tions of intermediate pre-Nichols algebras, see Propositions 14.81 and 15.171 
Also, new examples of co-Frobenius Hopf algebras arise, see 31.2.71 next. 
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1.2.7. New examples of co-Frobenius Hopf algebras. Let G be an algebraic 
group and let H = 0{G) be its function algebra; thus Alg(0(G),k) ~ G. 
A YD-pair for H, cf. 92.21 is {g,x), where g G Honiaig gp(G,lk^), x G Z{G). 

Let G = GL„(k). As Z{G) = Id and Homaiggp(G,k><) = (det), a YD- 
pair {g, x) as above identifies with (/i, t) G Z x k^ via g = det^, x = t Id. 

Let V a braided vector space of type A 2 , with parameter Then there 

is a principal YD-realization V G if and only if there are {hi, / 12 ) G 

and {ti,t 2 ) G such that, if Ui := tf, then 

Each solution yields a realization V G and as a consequence of our main 
results Theorems 11.61 11.81 or 11.101 we obtain new families of co-Frobenius 
Hopf algebras over 0{G). Examples of solutions are given by: 

• N = 3, {ui,U2) = (C,0 and (/ii,/i 2 ) = (1,1). 

• N = 7, {ui,U 2 ) = and (/ii,/i 2 ) = (1,2). 

More examples arise considering G = GL„^ (k) x GL^j (k) x • • • x GL„^ (k). 

2. Preliminaries 

2.1. Conventions. If n G N, we set = {1,..., n}; we omit the subscript 
when it is clear from the context. We denote by the symmetric group in 
n letters. Also, denotes the group of nth roots of 1 , and G(j is the subset 
of primitive nth roots. 

Let 77 be a Hopf algebra; we always assume that its antipode is bijec- 
tive. We use the Heynemann-Sweedier notation for the comultiplication and 
coaction. We denote by G{H) the group of group-like elements of H and 
by respectively yD^ the category of left, respectively right, Yetter- 

Drinfeld modules over H. If A is an algebra and S C A, then (S) denotes 
the two-sided ideal generated by S. 

If H' is a Hopf algebra, we denote by Isom(77, H') the set of Hopf al¬ 
gebra isomorphisms ip : H ^ H'. If A, A' are right 77-comodule alge¬ 
bras, then Alg^(A, A') is the set of comodule algebra morphisms between 
them. We shall denote by K\.g^{A,B) the set of algebra morphisms be¬ 
tween two algebras A, B ^ y^H- When H = k, we omit any reference as 
Alg(A, B) = Alg^{A, B) becomes the set of k-algebra maps A ^ B. 

2.2. Principal realizations. Let 77 be a Hopf algebra. Let {g,x) be a 
YD-pair E], that is g' G G{H) and x G Alg(77, k) satisfy 

X{h) g = x(/l( 2 ))/l(i) 5r<S(h(3)) 

for all h ^ H] this implies that g G Z{G{H)). Then kg := k with coaction 
given by g and action given by x is an object in ^yD. 

Let P be a braided vector space of diagonal type, that is, there are a basis 
of V and a matrix q = {qij)^ such that c(xj (8> xj) = QijXj (8> Xj. A 
principal realization of V over H is a family {{gi,Xi))i^i of YD-pairs such 
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that Xjidi) = Qij^ hJ £ I; SO that V G identifying kx* ~ 

and the braiding c is the categorical one from ^yT>. Clearly 

(2.1) T={gi,...,ge)<Z{G{H)) 


and we can realize V as an object in := 


Example 2.1. There are V G with diagonal braiding but not from 

a principal realization. Let H = kH(p) where H(p) is the finite Heisenberg 

1 o c\ 

1 b I with coefficients in the finite 

V 

field Fp, p a prime. The conjugacy classes in H(p) are: 


group of upper triangular matrices 







a 

1 


: cG¥p 


for all c G Fp, (a, 6) G Fp — 0. Then 

o If p G IrrH(p), then the M{Oc,p) G ^yV is of diagonal type, but does 
not arise from a principal realization unless dimp = 1. 
o If (a, 6) G Fp — 0 and x G then the isotropy group H(p)^ hp x I.p 

and Cl(a,6) is an abelian rack. Hence M{0(^a,b): P) € i® of diagonal 

type, but does not arise from a principal realization, for all p G IrrH(p)^. 


2.3. Nichols and pre-Nichols algebras. Let H and V be as in iJl.ll As 
usual, we denote by iB(H) the Nichols algebra of V and by J'(V) C T(V) 
its defining ideal; iB(H) = T{V)/J'{V), see [AS1| . A pre-Nichols algebra is 
a Hopf algebra = T{V)/J G "'^ith J C J{V) a graded Hopf ideal. 
Every pre-Nichols algebra fH is a Z^-graded semisimple object in ^yD. The 
following identities are well-known. If x, p, z G 91 are Z^-homogeneous, then 


(2.2) [[x,y\c,z\c = [x,[y,z\c]c +q\y\\z\[x,z\cy - q\x\\y\y[x,z\c, (q-Jacobi), 

[xy,z\c = x[y,z\c + q\y\\z\[x,z\cy, 

[x, yz\c = [x, y\cz + q\x\\y\y[x, z]c- 

Assume that the generalized Dynkin diagram of V is connected. The gen¬ 
erators of the ideal y(V) were computed theoretically in |A1| and concretely, 
case-by-case in the list of [H2] . in [A2] . These relations can be informally 
organized into two types: 

p Quantum Serre relations and generalizations-that sometimes involve more 
than two simple roots, see e.g. m- 
O’ Powers of root vectors. 

Now there are some special roots called Cartan roots [A31 (20)]. There is 
a distinguished pre-Nichols algebra of V with favourable properties, denoted 
by B{y), cf. [A3] . The defining ideal T{y) of BiV) is generated by the same 
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relations as for B{V), but excluding the powers of Cartan root vectors, and 
possibly adding some quantum Serre relations redundant for J{V). We set 

TiV) = TiV)#H, n = 13{V)#H, n = 

and TT : T{V) —^ : T{V) —> % the natural projections. 

2.4. Cleft objects and 2-cocycles. A (normalized) Hopf 2-cocycle is a 
convolution invertible linear map a : H ® H ^ \ such that, for x,y,z € H: 

a{x, 1 ) = cr(l,x) = e(x), 

0-(x(i),?/(i))cr(x(2)2/(2),^) = Cr(2/(l),2;(l))<T(x,y(2)2:(2))- 

If fj is a Hopf 2-cocycle, then it is possible to perturb the multiplication 
m{x®y) = xy on H on several ways, obtaining new associative products on 
the vector space H. First, we may consider ■. H ® H ^ H ns: 

m(^a){x0y) = o-(a:(i),y(i))x( 2 )y( 2 ), respectively 

m(^^-i){x0y) = cr~^{x^2),y{2))x(i)y(i)- 

The corresponding algebras will be denoted by respectively, 

The comultiplications A : ^ ® IS. : ^f(o—i) H ® re¬ 
main algebra maps and hence H(a)j respectively is a right, resp. left, 

i7-comodule algebra. Yet another associative multiplication ruo- is defined: 

ma{x®y) = o-(x(i), 2 /(i))x( 2 )y( 2 ) 0 -"^(a:( 3 ),y( 3 )), x,y e H. 

The corresponding algebra, denoted by is actually a Hopf algebra with 
comultiplication A-see |DT2j for the explicit form of the antipode S^- This 
Hopf algebra is referred to as a cocycle deformation of H. 

2.4.1. Cleft objects. A (right) ff-comodule algebra A with trivial coinvari¬ 
ants, i.e. = k, is a cleft object of H when there exists an ff-colinear 

convolution-invertible map y : H ^ A. This map can be assumed to satisfy 
7 ( 1 ) = 1, in which case it is called a section. Left, respectively bi-,cleft 
objects are defined accordingly. 

We shall denote by Cleft H the set of (isomorphism classes of) right cleft 
objects of H. If A G Cleft H, then A is an algebra in yD^ via the Miyashita- 
Ulbrich action [DTT] . 

For every cleft object A there is a Hopf 2-cocycle a : H ® H —>■ k such 
that A ~ L^((t)- Indeed, a section 7 : LI —>■ A determines a by 

a{x, y) = 7(a;(i))7(y(i))7"H3;(2)2/(2)), x,y € H. 

If A G Cleft H, then there is an associated Hopf algebra L = L{A, H) 
[S] in such a way that A becomes (LI, L)-bicleft. Moreover, if A = LL(o-), 
then L ~ H^j. Hence, L is a cocycle deformation of H and every cocycle 
deformation can be obtained in this way, see loc.cit. 
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3. The strategy 


Let H he a. cosemisimple Hopf algebra and V as in ^1.11 We recall and 
expand here the strategy developed in m to compute the cocycle defor¬ 
mations of . Accordingly, let V be the abelian group as in (I2.1h . 

Remark 3.1. In |A-|-1 §1.1] H is assumed to be finite-dimensional. This 
assumption, however, can be omitted. Indeed, it is only used in |A-|-1 Lemma 
5.7] and in |A-|-1 §5.9, Question]. These two instances are independent of 
the strategy and both of them deal with the evidence of an “intermediate 
Gunther’s Theorem” to simplify the recursive step. 

On the other hand, a dimension argument is used to prove exhaustion in 
the examples, see |A-|-1 Theorem 5.20]. We provide an alternative argument 
in Theorem 13.51 valid in general. 


3.1. The main idea. We explain how to compute all Hopf algebras L which 
are cocycle deformations of RL := and satisfy grL ~ 77. These 

Hopf algebras arise as L{A,RL) for suitable A £ Cleft 77, cf. ^2.41 in turn, 
we compute the cleft extensions A recursively by a method from [G] . 

Let Q be the set of generators of the ideal JiV) described in m for 
each connected component, union the ^-commutators of vertices in different 
components. Notice that every r £ Q belongs to T(y)g^ for some Qr £ L, 
Xr £ Alg(77, k). We decompose as a disjoint union ^ LI • • • U Let 


(3.1) 


T(V), i = 0; 

T(V)/(Go hi ■ ■ ■ U Qi-i), i > 0; 


-Hi = *B,#77. 


In particular, 77^+1 = 77. We choose this decomposition in such a way that 


(3.2) the elements in (the image of) Gi, i < i, are primitive in IBi; 

(3.3) Ge consists of powers of Cartan root vectors. 


In plain words, the strategy is to deform the relations in G step by step, 
i.e. first those in Go, then those in Gi and so on. By (13.2p . the form of the 
deformed relations is particularly simple in the steps 0 to 7 and depends on 
a suitable parameter. To check that the proposed deformation has the right 
properties, we proceed indirectly by defining first a cleft extension for each 
possible parameter; then the proposed deformation appears as the corre¬ 
sponding cocycle deformation, cf. 92.4.11 In the last step, the deformations 
of the powers of Cartan root vectors requires a delicate combinatorial analy¬ 
sis; but the definition of the cleft extensions is facilitated because the algebra 
of coinvariants ^^+^H£ is a g-polynomial algebra |A3[ Theorem 4.10]. To 
organize the information we pack all the cleft extensions arising in the 7-th 
step in a subset Cleft'77* of Cleft 77*. 

Concretely, the inductive procedure starts with 
o the Hopf algebra 77o; 

o the trivial .Aq = 77o £ Cleft(77o), where the section 7 : 77o ^ Aq is the 
identity map; 
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o and the corresponding Hopf algebra Cq = L{Ao,T-Lo) — T-Lq- 

We now define recursively a subset Cleit' Tii of Cleft 0 < i < £ + 1, see 
E±l§5 .2] for more details. First, we clearly have 

Cleft^ "Ho •= {^o}- 

Given i > 0, Cleft'consists of quotients of each A G Cleft''Hi. To 
explain this, we fix .A G Cleft'7^*; it comes equipped with 

o a section 7 : "Hj —)■ A such that the restriction : ff —)■ A is an algebra 
map- see |A+1 Proposition 6.2 (b)]; 

o an algebra £ G such that A = |A+1 Proposition 5.8 (d)]; 

actually £ is the image oiTiV) under the projection Aq = T{V)i^H -» A. 

Then we collect in Cleft' 'Hi+i all A.' given either as 

(3.4) A'= A./A.'0(A+), where Aj := ijj e A\g^,{Xi, A)] 

or else as 

(3.5) A' = A/{(p(Y^^)), where Tj := k(<S(0j)), y? G Alg ‘(li,A); 

here Aig^'(y,, A) := W G A\g^^{Yi,A)mY+)) A A}. 

Remark 3.2. The subalgebra Xi is the normalizer of Yj |A+i Remark 5.4]. If 
'll; G Alg]^((Aj, A), then ^ ^ Alg^\Yi,A) and {ip{Y^)) = Ai/^(A+). 

Proof. On one hand, {ip{Y^)) C {Tp{Xi^)) = Ai/i(Aj^), the last equality by 
P Theorem 4]. Hence {ip{YA)) A A, cf. loc.cit. The other inclusion follows 
because Aj = N{Yi). □ 

More explicitly, given a family of scalars A* := {\r)r&gi we define 

(3.6) £{Ai)=£/{^{r)-\r-.r^Gf), A! = A{Ai) = £{Ai)ffH. 

Set C = T(A, T-Li). Recall that for r ^ Gi, there are gr G T, G Alg(H, k) 
such that r G T{V)gf. By |A+1 Corollary 5.12], 

(3.7) V(r) := 7 (r)(_i) (g) 7 (r)(o) - 7 (r) G T (8) 1, for all r G 

Thus V(r) = f (g) 1 and by loc.cit. r is {gr, l)-primitive in £. Set 

(3.8) £' = £(Aj) := Lj (f - Ar(l - gr) '. r e Gi)- 

The following proposition is a summary of |A+1 §5.6]; we add a short 
proof since in loc.cit. this is stated for a single element in Gi- 

Proposition 3.3. Let A' = A(Aj), Aj G k^G 
(a) If A' A 0, then A' G Cleft' 

(^) If Xr A ^ Ar A 0 for some r G Gi, then A! = 0. 

(c) L{A','Hi+i)-C{Ai). 

(d) Ifi = i, then grC{Ai) ~ B{V)ffH, i.e. C{Af) is a lifting ofV. 
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Proof, (a) Assume that i < i. Let us fix a numeration ri,..., r<j of Let 
:= Bi, Sf’ := Bi/{ri,... ,rt), t G so = Bi+i. By abuse of 
notation, the image of rj is denoted by rj throughout. Set, as well, 

;= g/{^{rj) - A,, : j € It), .= ^ ^ 

the natural projection. Notice that A 0 since it projects onto A! and 
thus G Cleft'by \K^ Remark 5.11]. Let 7 ( 1 ) : 
be the section. Observe that 7 ^^^(r 2 ) = ( 7 (t 2 )). Indeed, the coaction 

p : > A^^"' ( 8 ) satisfies 

7]-(L ^7(^)(r2)^ 1-14 7rl^l(7l^l(r2)) C) 1 + 5r2 ® ’'2 

as is a comodule algebra projection that preserves H cf. the snapshot 
in 1 ^ p. 696]. Hence we may iterate the argument and conclude that 
G Cleft' t els, and A' = A^^^ G Cleft' 

Next we consider the case i = i. In this step we allow the subset Gi to 
contain non-primitive elements. However, the previous analysis extends to 
this case. To see this, we decompose, in turn, 

Ge = gP u---ugP 

as a disjoint union of sets satisfying that Gf^^ contains primitive elements in 
Bi and that (the image of) Gi^\ i > 1 is composed of primitive elements in 

Bf =Bi/{Gi''^u---uGt'^). 

We decompose, accordingly, = A^°^ x • • • x A^'^^ and proceed as before. 

(b) follows by conjugating 7 (r) = by 5 G G{H) with Xrid) A 1- 

(c) follows by a iterative application of |A-|-1 Corollary 5.12], as we proceed 
element-by-element as in (a). 

(d) For each A1 G Cleft'the section 7 ' : "Hi+i —JA is such that 

the restriction : H ^ A' is an algebra map |A-|-i Proposition 6.2 (b)]. 
Hence gv L{A','Hi+i) ~ Hi+i by |A-|-1 Proposition 4.14 (c)]. □ 

If A = (Ar)reg S and 0 < i < i, then we set Aj = {Xr)regi ^ Set 

Ao = T{y)AH and define-using the assignment Ai Ai+i := Alj(Aj) cf. 
(IMI) -the set of deformation parameters 

(3.9) TZ = {K = {Xr)reg G | Ai{Ai) 4 0, Vi and A,. = 0 if = !}• 

By Proposition 13.31 we have: 

Corollary 3.4. For each A £ TZ, we obtain a chain of Hopf algebra quotients 

(3.10) Co ■■= T{V)AH ^ Cl ■.= Co{Ao) ^ ^ £,+i := Ci{Ai) 

such that Ci is a cocycle deformation of BiffH- C 
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For A £ TZ, we set £(A) := C^+i. In this way, we obtain a family /i(A), 
A E 7^, of cocycle deformations of that are liftings of V. Next we 

check when this family is exhaustive. We consider the following condition 
on F e ^yV: for A = {Xr)reg S k®, 

(3.11) A € 7^ if and only if Xr = 0, when Xr 7^ £• 

Observe that the “only if” implication always holds, by Proposition 13.31 (b). 
Actually, we need a recursive version of (I3.11j) : 

Suppose we are given 0 < j < i, and families Aj = (Ar)reSi e for 
i < j such that = 0, when Xr / e- Define recursively = 7”(F), 
All = aIo(Ao), Ai = Ali_i(Aj_i). The recursive version of (|3.1ip is 

(3.12) Aj A 0- 

Theorem 3.5. Assume that (I3.12p holds for all j > 0. If L is a lifting of 
V, then there is A £ IZ such that L ~ 72(A). In particular, L is a cocycle 
deformation of ^(y)ffll■ 

Proof. Let 4> : Cq = T{V)ffII ^ L be a lifting map. We shall attach io cf a. 
family {Xr)r&g S k® such that A,. = 0 if either gr = 1 or else Xr A Let 6 
be the set of simple subcoalgebras of H. A direct computation shows that 
VAH C 'A2 9iC A C. Since f> is a lifting map, 

iGl,CG6 

Li ^ © V#H) =^C+ 9iC AC. 

CGS iGl.CGS 

If r G Gq, then r is (g^, l)-primitive in Cq, hence so is (j){r) £ L. That is, 
4>{r) £ k^r A k C Li. Then either (f>{r) £ H oi (j){r) £ gtC A C for some 
i G I, C G 6 . In the former case, 4>{r) = Ar(l — gr) for some A,. G k. As 
gr £ P < Z{H) n G{H), conjugation hy h £ H determines that A^ = 0 
whenever Xr A the latter, giC = kg^ and C = k, thus gr = 9% and 

(()(r) = Ar(l - 5r) + ^ hjXj, 

j&.gj=gr 

for some Xr,p,j £ k. Conjugation by h G 7/ shows that 

XrXr — Aj-e, hjXr — hjXji tor gj = gr. 

Now, by |AKM[ Proposition 6.2] the pair {xr,9r) is different from (xijSi), 
i £ I. Thus Hj = 0 for all such j, hence cfA) = Ar(l — gr) and A^ = 0 
whenever Xr A la either case, we can normalize A^ = 0 when gr = 1. Set 
Ao = (Ar)rGeo ^ Ly (I3.12P for j = 0, £i ;= 72 q(Ao) is a well-defined 
cocycle deformation of 77i, and clearly cf factorizes through £i. 

We proceed inductively: let i > 0 and assume that (f factorizes through 
Ci := 72'_^(Aj_i), Aj_i G k^*-i. Observe that for each r G Gi, the cor¬ 
responding image f £ Ci is (5^, l)-primitive; cf. (|3.7I) . Arguing as in the 
previous paragraph, we conclude that (l){f) = Ar(l — gr) and A^ = 0 when¬ 
ever Xr A ^ 9r = 1- Hence there is Aj such that (f factorizes through 
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= £'(Aj), which is a well-defined cocycle deformation of by (j3.12p 
for j = i. In the final step i we proceed in the same way, splitting Qi as in 
the proof of Proposition l.3.31 We conclude that there exists A £ TZ such that 
(j) factorizes through £(A). 

Now, the lifting map 4> is injective when restricted to V^H by definition, 
and so is the factorization cj) : C{A) -» L, i.e. (j) is injective when restricted 
to /1(A) 1. Then (j) is injective [Mol Theorem 5.3.1] and thus L ~ /1(A). □ 

3.2. Isomorphism classes. Let (//, V) be as in ^1.11 with braiding matrix 
q = and ((ffi, Xi))*6i a principal realization. We assume that the 

generalized Dynkin diagram of V is connected. Let A G TZ and /1(A) be as 
in Theorem 13.51 


3.2.1. The block group. Let 

]I(i) = {j € I\gj = gi and Xj = Xi} ^ I, i£ I. 

Remark 3.6. Either of the following holds: 

(1) |I(i)| = 1 for all i € I. 

(2) There exists i j such that j G I(i) is not adjacent to i. Then the 
generalized Dynkin diagram is one of the following: 


— 1 X —1 

Table 2, Row 1] and matrix ( -x-^ -i -x-^ 

' -1 X -1 


(a) Type A3 with q = —1 
where x G . 

(b) IH21 Table 2, Row 8, diagrams 3 (& 4)] with matrix ( (qx)-^ q (ijx)-i 

V -1 x -1 

(one diagram is obtained from the other by q 1—?■ g“^), where a; G k^ and 
q G G„ for some n G N. 

/ -1 x -1 

(c) IH21 Table, 2, Row 15, diagrams 2, resp. 3] with matrix ( -1 

V -1 X -1 

-1 X —1 
ix ~^ — ^ x ~^ 

— 1 X —1 

(d) Type Dq, 0 > 4, with q = —1 [H2( Table 3, Row 5 &: Table 4, Row 8]. 

(e) |H2l Table 3, Row 18, diagrams 5 & 6] (rank 4). 

(3) There exists ^ G G3 such that the generalized Dynkin diagram is one of 
the following: 


resp. 


, where ^ G G3 and x G k^. 


(a) Type A 2 with q = [H21 Table 1, Row 1], and matrix 

(b) |H21 Table 2, Row 15, diagram 4] and matrix 




5 X 

/ ^ ) where 


X G 


Proof. First, observe that if j G ]I(i), then every vertex not adjacent to 
i cannot be adjacent to j as 1 = Xk{9i)Xi{9k) = Xk{9j)Xj{9k)- Next, if 
j G I(i), j 7^ i, is not adjacent to i, then Xj{9j) = Xi{9i) = —1 as 1 = 
Xj{9i)Xi{9j) = Xj{9j)‘^- Then (2) and (3) follow by inspection in |H2| . □ 
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Let US denote by 

L:= {seGLe(k)|si,=Oifi^I(z)}. 

Observe that L ~ if the generalized Dynkin diagram is as in 

Remark 13.61 (IL If the diagram is as in (3)(a), then L = GL2(k). 

3.2.2. Isomorphisms. We fix a new pair (H', V') as in ^l.ll Set O' = dim I/', 
F = Igi. Fix a principal realization Xi))iGi' of V in and let 

T' = {g'^ \ i £ F) < H' be as in (12.11) . 

Let Q' he the set of generators of the ideal defining B{V') and IZ' C k^ 
as in (1331). Pick A' € TZ' and consider the Hopf algebra C{A'). Let 

Sq = {fJ G §,g\qij = qaii)aij) V*, j S I}. 

Lemma 3.7. Let ijj : /1(A) —)■ C{A') be a Hopf algebra isomorphism. Then 
T = '4’\h ■ H ^ H' is a Hopf algebra isomorphism and T = : V ^ V is 

an isomorphism of braided veetor spaces. In partieular 9 = 6'. Moreover, 

(i) There is cr G Sq such that ip{gj) = and oT = Xj, j 
(a) There is s = (s^) G L such that T{ai) = Sija'j, i G 1. 

Proof. Follows since the map ip preserves both the comultiplication and the 
coradical filtration, as well as the adjoint action. □ 

Remark 3.8. When |I(i)| = 1, i G I, Lemma [3l7l (iil reads 
(ii’) There are scalars {sijjgi such that T{ai) = Sia'^f^^^. 

Assume that 9 = 9', H' ~ H. We fix y? G lsom{H, H'), a £ §q and 
s G L. We say that a triple {ip, a, s) : {H, V, A) —>■ {H', V, A') is a lifting 
data isomorphism if 

• cr G Sq. 

• = T{9a{i)) and y' = X a(i) ° T, i £ I- 

• A' = s • A”^, cf. Lemmas 13.101 and 13.111 

Set Isom(A,A') = {lifting data isomorphisms : {H,V,A) {H',V', A')}. 

Theorem 3.9. Isom(/l(A),/1(A')) ~Isom(A, A'). 

Proof. By Lemma 13.71 any ^p £ Isom(/l(A),/1(A')) univocally determines a 
triple ((p,a,s) £ Isom(A, A'). 

Gonversely, let ((p,a,s) £ Isom(A,A'). In particular, T(A') is an H- 
module via p. Gonsider the linear map T = Tf : V —>■ C{A') given by 
Tg{ai) = ^ assumption, T is //-linear and hence 

it defines an algebra epimorphism F : T{V)fpH C,{A') with F\u = p 
and F[ai) = T{ai), i G I. By a combination of Lemmas 13.101 and 13.111 the 
map F induces an isomorphism F £ Isom(£(A),£(A')). The assignment 
{p, a,s) i-A T is injective, as each triple determines a Hopf algebra map in 
the first term of the coradical filtration, hence in the whole algebra. 

These constructions are inverse to each other and define a bijective cor¬ 
respondence Isom(/l(A), /1(A')) ~ Isom(A, A'). □ 
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We set Tii = Bi{V)#H, i > 0, see (13.11) . If A € 7?., then we set, cf. (j3.6|) : 
A(A) := T{V) G Cleft(77o), A+i(A) ;= A(Ai) G Cleft Ai+i) . Let 

Pi : A-i ^ A-i <S> Hi, 7 * • Hi —>■ Ai- 

denote the coaction and section. Also we set Ci{N) := Ci as in (jd.lOj) . 

Lemma 3.10. There is a well-defined action h x TZ ^ TZ so that i/ s G L, 
A gTZ, then Cfis ■ A) ~ CfiA) as Hopf algebras. 

Proof. We fix A G 7^, s G L. We shall assume for simplicity that each 
stratum Qi of Q cf. (13.11) contains all primitive elements of Bi(V). The 
general case follows analogously. 

We define s ■ A & 7Z. That is, we define for each i > 0 a family of scalars 
s • Aj G such that the algebras defined recursively as A[j^^ = Aq and 

• Ai), cf. (13.6p . are nonzero. Hence s • A := (s • Aj)j>o G TZ. 

Moreover, we show that • Afi ~ AfiAi) as cleft objects, all i. As a 

result, Ci{s ■ A) ~ CfiA) as Hopf algebras. 

Let 14 be the vector space with basis {Fs{xk)}k&- Then 14 is braided, 
with the braiding from V by assumption on s G L. Set Hg-i = ^i{Vs)fiH. 
Let Fq : Ho —)■ Hs o be the unique algebra automorphism with 

Fq^h = id and Fo{xk) = Fs{xk), k el. 

By assumption, i4(k^o) = k^o C TiVs) and thus it induces an algebra 
automorphism Fi : Hi ^ Hg-i. Similarly, i^i(k^i) = k^i and, in general, 
there is an induced automorphism Fi : Hi Hg-i, i > 0. 

Claim 3.1. There is Ag.i G Cleft(77s.i) together with an algebra automor¬ 
phism fi'.Ai^ Ag.i such that 

(3.13) Pg-io fi = {fi® Fi) o Pi, fiO-fi{r) = -fg.i{Fi{r)), r eGi. 

This is clear when z = 0, for /o = Fq, A-o := Hg.o, Pg-o = A, 7^.0 = id. 
Assume that, for a given z > 0, we have defined Ag.i so that ()3.13p holds. 
H r € Qi, then x = 'yg.i{Fg{r)) G A-i is unique such that 

Pg.fix) = x®l-\- gr® Fg{r) G A-i ® Hg.i. 

This is satisfied by x = fiO'-^fir) and hence fi descends as to an isomorphism 

fi+i : A+i ^ A-(i+i) := Ag.i/{-fg.i{Fi{r)) - : r G Qi), 

and (j3.13l) defines a structure A'( i+i) £ Cleft(77s.(i+i)). 

fi 

Now, the composition Aq AfiAfi A A-i defines a family of scalars 
s ■ Ai e k^* with A'^^('® ■ Ai) — A(Ai), z > 0. Hence s ■ A £ TZ. □ 

We consider the action of Sq on T{V) by permutations of the generators. 
If A — (^\j.)y.^Q G TZ, then we set A .— (^\fj.y.)y.^Q ek^,a £ §q. 

Lemma 3.11. There is a well-defined action E>c^ x TZ ^ TZ so that if a £ Sq, 
A £TZ, then CfiA^) ~ A (A) as Hopf algebras. 
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Proof. Proceed as in Lemma l3.ini mutatis mutandis. □ 

We give examples of the action Li x TZ ^ TZ from Lemma 13.101 

Example 3.12. (1) Assume |I(i)| = 1, i € I; hence L ~ If s = £ 

L and r £ T{V) is a Z®-homogeneous element with degr = {di,... ,dg), 
then we set Sr ■= £ k^. If A = (Ar)reS ^ ^ s £ L, then 

s * A .— 

(2) Assume V is as in Remark 13.61 (3)(a), so L = GL 2 (k). In this case 
A = (Aii 2 , Ai 22 , 1 * 1 , 1 ^ 2 , Iii 2 ) £ k^ by Theorem 11.81 Let s = * 22 ) ^ L and 

denote s • A ;= (Af^a, Af 22 , , 1^1, ^ 12 )- Then 

+ ■s?2A*2 + s?iSi2Aii 2 + siisfaAm, 

1*2 ~ '® 2 l/^l T '* 22/^2 + ■S21S22A112 + ■S21SI2A122, 

A112 = 3s^;^S 21I*1 + 3Si2'S22l*2 + (■S11S22 + 2silSl2S2l)All2 

+ (2siiSi2S22 + ■Si2'S2i)Ai22, 

Ai 22 = 3siis|^//i + 3si2S22l*2 + (2 SiiS2iS 22 + Sl2'S2l)All2 

+ (■SIIS 22 + 2 si 2 S 21 S 22 )Ai 22 , 

1*12 = ('SIIS 22 — 'Sl2S2l)^I*12- 

3.3. The algorithm. Our strategy reduces the lifting problem to an algo¬ 
rithm, that we describe next. 

Let H, V be as in M r as in m- Let Q be the set of generators 
of the ideal J{V) defining IB(IL) as described in |A2| for each connected 
component, union the qi-commutators of vertices in different components. 
Decompose it as ^ LI • • • U so that (13.21) and (|3.3p hold. 

The algorithm involves ^ 1 recursive steps. At each Step i, the input 
are two Hopf algebras PLi and a (£j, ?{j)-bicleft object Ai, with coactions 
PiAi and a choice of scalars A* = {Xr)regi ^ such that 

A,. = 0, if Xr A e, or = 1. 

The output is a new triple {PLi+i, Ai+i, Ci+i), as quotient of the input data. 
Step 0 starts with Hq = Cq = T{V)ffH and Aq = 'Ho, with Pq = 6q = A. 

The final outcome of the algorithm is a list of liftings of V in terms of 
families A £ k^. All of them are cocycle deformations of ^{V)ffH. If no 
step produces a zero object, then this list is exhaustive. 

The recursive step is the following: 

Step i. 

(1) Compute r' G Ai, r € Qi. These elements are defined by the equation: 

Pi{r') = r'^ 1 + Pr ^ r, r G Qi. 

(2) Set Ai+i := Ai(Ai) = Ail{r' — Xr : r G Gi) and check Ai+i 0. 

(3) Compute f G Ci, r G Gi. These elements are defined by the equation: 

Sfir') = r ig) 1 + pr ^ r', r G Gi. 
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(4) Set Hi+i := TiiliGi), Ci+i := Ci/{f - Ar(l - gr) ■-r e Qi). 

Remark 3.13. We make some comments regarding the recursive step. 

1. At Step 0, r' = r, for each r e Qq. 

2 . At Step £, A(,+i / 0 automatically. 

3. At Step i, 1 < i < the verification of (2) is facilitated by the fact that 

Ai+i = for Si+i € ^ > 0, the algebra defined recursively by 

£o = T{V), £i+i=ei/{r' 


4. The case N = 2 


Let H, V as in sni r as in m- Assume moreover that V is of type 
Aq, 0 S N, associated to ^ = —1. Let ^{V) be the corresponding Nichols 
algebra. In this section we compute the liftings of V. We show that all of 
them arise as cocycle deformations of . 

Recall the definition of the distinguished pre-Nichols algebra BiV), see 
Proposition ll.il f2L Set R. = 


Lemma 4.1. Let i < j < k < 1. The following relations holds in LL: 

[^{i j)j ^(i k)\c 0) [®(i fc)) fc)]c 0, 

(‘^•2) ^{j k)\c 0) [^(i fc)) ^(jiN)]c ‘^X(j k)(.9(i k))^{j k)^{il)' 

The coproduct ofTi satisfies 


^(^(i j)) ^{ij) ® ^ y 9{ij) ® ^(ij) y ^ ^ ^ ^{i k)9{k+l j) ® ®(fc+l j)) 

k=i 

y X{i k){9(k+l j))x [i k)9[k+l j) ® ^{k+lj)- 

k=i 


Proof. It follows as in [ASH Section 6], see also [ADI Section 3], by induction. 
The key point to show (|4.2I1 is to use (ll.6|i as the initial step. On the 
other hand, relations (|4.1|i follow from (II.3|) and (ll.4|i . The formula for the 
coproduct now follows. □ 

In the remaining part of this section, we deal with a quotient of B{V), 
namely we fix the the algebra B{V) generated by xi ,... ,xe with relations 

(4.3) Xij = 0,i<j-y [x(j_ij+i),Xi]c = 0, 2 < i < 0; x| = 0, A; G Ig. 

This algebra is an intermediate quotient between B{V) and B{V), see 
Proposition 11.11 and Remark 11.21 We prefer the quotient (I4.3|i as it is more 
suitable for our computations. We set R = B(y)fi^H. Observe that Lemma 
14.11 holds for R. 

Recall also that the Nichols algebra B{y) is generated by xi,..., with 
the previous defining relations and also = 0 for i < j. We set R = 
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Let vr : "H —» be the canonical Hopf algebra map. Recall that 

is the subalgebra generated by i < j, which is a polynomial 

algebra with these elements as generators. 


4.1. Cleft objects. Let A = R = {fJ-{ki))i<k<i<e, ^ = 

iyi)\<i<e be families of scalars such that 

Ay = 0 if XiXj 7^ e, = 0 if X(w) ^ e, 

(4.4) 

= 0 if XiXi-iXi+i + e- 

Let us set, following Proposition 13.31 A = ^(A) the quotient of T{V)#H 
by the relations 

^ ^ Vij = hj, i<j-l; [y{i-u+i),yi\c = 2<i<e- 

(4.5) „ 

yl = h(fc)> i<k<e. 

Here, we have renamed the basis {xi,..., xq} of V by {yi ,..., y^}. 
Proposition 4.2. The algebras A{\, ^i,u) are cleft objects for T-L. Hence 
Cleft'H = {A{\, fj,, i')\X, fx, i' as in ()4.5p }. 


In particular, this shows that ()3.12l) holds for j = 0. 

Proof. Set A = .4,(A) and £ the quotient of T{V) by the ideal I generated 
by (|4.5I) . Observe that A ~ £ffH, as I is an object in Hence we need 

to show that £ ^ 0. 

For this we use Diamond Lemma m Theorem 1.2]. We introduce a nota¬ 
tion close to the one in loc. cit. Let Sy = {wy, /y) be the pair associated to 
the relation yy — Ay-; we choose wy = ytyj, so /y = qyyjyi + Ay. Similarly 
we set Ei = {yf,yy)) for 1 < i < 0, and E'- = {yi_iyiyi+iyi, f'), 2 <i <9-1, 
for the relation [yy_ii_^.iyyi]c — I'i, where for i = 2, 

/2 = 9129132 / 22 / 32 / 22/1 - 9129139232 / 32 / 22 / 12/2 - 9129322 / 22 / 12 / 22/3 

+ 2(/23Al3h(2) + 1^2- 

There are no inclusion ambiguities. There are eight overlap ambiguities: 

(1) {Eij,Ejk,yi,yj,yk). Both and/y-yfc reduce to 

QijQikQjkykyjyi T ^ijyk T Qjk^ikyj T ^jkyii 

since Xk{ 9 i 9 j)Xij = Xy {9k)— ^ij- 

(2) {Eij,Ej,yi,yj,yj). As = yj and Ay(l-Fgy) = 0, both ytfj and 
fijyj reduce to yjyt. 

(3) {Ei,Eij,yi,yi,yj). Analogous to the previous case. 

(4) (“i,H'_^i,yi,yi,yi+iyi+ 22 /i-ri)- For simplicity set i = 1. To prove 
that yi /2 reduces to 1 ^( 1)929392 we use the identities [yi,yi 23 ]c = 0 
obtained from Hi, and [yi 2 ) 2 /i 23 ]c = 0 ) which is obtained from H 2 
and the previous relation. 
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(5) Again set i = 1. Then /^y 2 re¬ 
duces to /r( 2 ) 2 / 12 / 22/3 up to reduce by 

(6) (H'_^i,Hj+ij,yi?/j+iyi+2,2/j+D2/i)- Again set i = 1. If j > 4, then 
both fl^yj and 2 / 12 / 22 / 3 / 2 ^ reduce to 

9li92i93i(9l29l32/i2/22/32/22/l - 9129139232/^2/32/22/12/2 “ 9l29322/i2/22/l2/22/3 

+ 2(/23Al3/^(2)2/i + r'22/i) + -^lj92j93i2/22/32/2 + ^2jM3Q2jq3jy2 
+ A2j9l393j2/32/l2/2 + A3j/l(2)92j2/l + A2j2/l2/22/3 

by direct computation. If j = 4, then use the relation [ 2 /( 14 ), 2/2]c = 0 
obtained from /2 and /2 to reduce the word 2 / 12 / 22 / 32 / 42/2 and obtain 
the same reduction for both and 2 / 12 / 22 / 3 / 24 - 

(7) {Eij,E'j^-^^,yi,yj,yj+iyj+ 2 yj+i)- Fix j = 1, j = 3 to simplify the 
notation. By direct computation we reduce both expressions to 

Al32/42/52/4 + Ai49l39352/52/32/4 + Ai49l39l49l52/32/42/5 + Ai5/1(4) 9139142/3 

+ 913914915 ( 9349352 / 42 / 52 / 42/3 - 9349359452/52/42/32/4 “ 9349542/42/32/42/5)2/1 

+ Ai4A35(7i3y4 -I- 4(745A35/i(4)?/i -I- P 42 /I. 

(8) (H'^;^,H'^ 2 > 2 /////+i 2 //+ 2 , 2 //+i, 2 /i+ 22 /i+ 32 /i+ 2 )- Again assume that i = 1. 
Both 2 / 12 / 22 / 3/3 and / 22 / 32 / 42/3 reduce to 

9i2943Ai3/r(2)/r(3)2/4 — 2g'i2923924Ai4/r(2)2r(3)2/3 + 923Ai3/r(2)2/32/42/3 

+ 1^32/12/22/3 + 1^22/32/42/3 - 912932913/^(3)A 242 / 22 / 32 /I + 9l29l3Al4/r(3)2/22/32/2 

+ 9l29l3923924Al32/32/42/22/32/2 - 912932914924/^(3)2/42/22/12/22/3 

+ 9l29l39l4923924Al32/32/22/32/42/2 - 9l29l3923924934Al42/32/22/32/22/3 

+ 9l29l3924Al32/22/32/42/22/l + 9 i29i3914Ai32/22/32/22/32/4 

+ 9129i39149239242/32/22/32/42/32/12/2 - 9129i39149239249342/32/42/22/32/12/22/3 

+ 934A24/r(3)2/l2/22/3 - 9129139239432/32/22/32/12/22/32/4- 

Note that A 13 A 24 = 0 since Xi 3 X 24 ( 2 /(i 4 )) = —1, so either xi 3 7 ^ e or 
else X 24 / e- 

The proposition now follows from Proposition 13.31 □ 

Lemma 4.3. For all j < k, 

k-l 

p(.y{j fc)) 2/(j fc) ® I T 9(j k) ® 3i(j /j) -|- 2 ^ [ 2/(j z)2/(i+i fc) ^(z+i fc) - 

l=j+i 

Proof. By induction on k — j. If /c = j -|- 1, then 

p(2/(j j+i)) = y(j j+i) 0 1+ g{j j+i) 0 j+i) + 2yjgj+i 0 x^+i. 

by direct computation. If it holds for k — j, then 

p{y{j-ik)) = piyj-i)p{y{jk)) - xuk)i9j-i)p{y{jk))p{yj-i) 


24 


ANDRUSKIEWITSCH; ANGIONO; GARCfA IGLESIAS 


y{j—ik) *2) 1 + (i fc)(^j—i)xi—1 (5(jfc))) yj—i9(jk) ®^{jk) 

k-l 

+ ^ X/ ~ ^{3k){yj-i)xj-i{y{i+ik))y{ji)yj-i)9(1+1 k)® 

i=j+i 

k-l 

+ 9(jk) X] X(jl){9j-i)y(jl)9j-i9(l+ik) ® [xj-i,X(i^ik-)\c. 

l=j+i 

Notice that 1 - X(j k){9j-i)X3-i{9(j k)) = 2. For each j + l<l <k-l, 

Vj-iViji) — X{jk){9j-i)xj-i{9{i+ik))y{ji)yj-i = y(j-ii)^ 

= 0 by Lemma [HTJ and the inductive step follows. □ 

Lemma 4.4. For all j <k <1, V(jk)V(ji) = X(ji){9(jk))V(ji)V(jk)- 
Proof. Set Yj-fc,/ = y(jk)y(ji) - X(ji){9ij k))y(ji)y(jk)- k = j, l = j + 1, then 

Yidd+i = yjyijj+i) ~ ^33i(jj+i)y(jj+i)y3 

= {yjyj+i ~ 9(jj+i)yjyj+iyj) + 9{jj+i){~9(jj+i)Fjyj+i + Vjyj+Wj) 

= (1 - m{jj+i))y3+i = (1 - muj+i)x]{9j+i))yj+i = o. 

Assume it holds for all k', I' such that k' + I' < k + 1. Then 

PiYj,k,i) = yj,k,i 0 1 + (i) + (ii) + (hi) + (iv) + (v) + (vi) + (vii). 

We compute now the other seven summands. We use repeatedly Lemma l4.ll 
and inductive hypothesis. 

(i) = (1 “ X(j k)i9(j l))X(j l){9{j k)))y(j k)9(j 1 } ®X(^ji') = 2y(^j k')g(^j I'j ®X(^jiy 

l-i 

(ii) 2 ^ {yijk)y(jt) ~ X{ji)i9(jk))x(jk)i9{t+ii))y(jt)y{jk)}9{t+ii) ® xy^ny 

t=i 

Ut> k, thenx(ji){g(jk))X(jk){9(t+il)) = X(jt){9(jk)) so the summand is zero 
by LemmaSTl For t = k, X{jl){9(j k))X(j k){9(k+il)) = 1, so the summand is 
also zero. If t < A:, then y(^jt)y{jk) = X(j k){9(jt))y(j k)y(jt}, so we have that 

k-l 

(ii) = 4 x; yijk)yijt)9it+ll) ®xy+iiy 

t=l 

(hi) 9(j k)9(j l) ® \x{^j fc); Xl^j ;)]c 0. 

i-i 

(iv) = 2 E X(jt)i.9(jk))y(jt)9(jk)9(t+ll) ® (jfc))^(t+iZ)]c 

t=i 

k-l 

^^^X(s+lt)^9(k+l s))y(3 t)9(j k)9(t+ll) ® ()^(t+l fc) 

t=l 

~ “^9(3 k)9(j 1) ® X(^j . 

fc-1 

(^) 2 ^ X(j l)i9(s+l k)')[y{j s)j y(j l)\c9(s+l k) ® Xf^g^ik) b. 

S=1 
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fc-1 

(vi) = 2 y(^j s)9(s+i k)9(j i) 

s=l 

{^ij+ls)^(j 1) ~ X{jl){9{j k))X{j s){9{jl))X{jl)X(s+lk)) 

fc-1 

^ ^ X(fc+i/)(ff(t+ifc) ')y(jt)9(j fc)ff(t+i i) ® fc) (^)' 

t=i 

1-1 fc-1 

(vii) = 4 EE X(jt)i9{s+ik)')y(js)y(jt)9{s+ik)9{t+ii) ® ^(s+ifc)^(i+i i) 

t=l S=1 

X(j 1) i.9{j k)')X{j s) (ff{t+i i))y{j t)y{j s)9{t+i i)9{s+i fc) ^ ^(1+1 i)^(s+i fc) • 
For (vii) there are three subcases: 

* ^ ^ then y(^js)y{jt) X(jt){9(js)')y(jt)y(js) 
X(t+ii){9(s+ik))x(t+ii)X(s+ik)- Hence these summands are 0. 

* H t k, + X(fc+ii)(^(s+ifc))^(fc+ii)®(s+ifc)! Riid 

yijs)y(jk) = X{j k){9{j s))y{j k)y(jS), so the summand is -(ii). 

* For t < k, the summands cancel between themselves. 

Thus p{yj,k,i) = yj,fc,; ® 1, so € k. Also, e -^xoo=)xoo- 
Xijk)X{ji){9{jk)9{ji)) = -1, we have that ^xofe)Xoo nk = 0 so yj^k,i = 0. □ 

Lemma 4.5. For all j < k, 

fc-1 

piylk)) = yljk)®^+9lk)^xl-f^^+A X{js){9{s+ik))yls)9ls+ik)®xlg+^ky 

s=j+l 

Proof. As p is an algebra map, 

fc-1 2 

p{yljk)) = {y{jk)®^ +9{jk)®xi^jk) + ‘^ Y y{3s)9(s+ik)®x^^g+ik^ . 

s=j+l 

By Lemmas 14.11 and 14.41 all the summands (^-commute. □ 

Lemma 4.6. For all j < k and all i, yfjk)yi = Xi{9fjk))yiy{jk)- 
Proof. By induction on k — j. If A: = j + 1, then 
piyfjj+yyi - x^{9fJJ+l))yiyfjj+l)) = iyuj+l)y^ - x*(5o',+i))y*y(ii+i)) ® i 
since = X*(4,+I))x.x2.^.^i). But yf^,+,))y^yfJ G 

= - 1 ’ = ^Mjj+i)^y^yh+iy 

A similar proof follows for the inductive step since for all j < k and all i, 
4fc)^* = 'X.ii9fjk))xixfjk)^ [S Proposition 4.1]. □ 

The following theorem shows that (|3.12l) holds for j = 1, hence (13.lip 
holds in general. 
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Theorem 4.7. Let A = .4,(A, /r, u) he the quotient of A by the relations 

(4.6) yfij) = l<i<j< 9. 

Then A € Cleft "H. As a result, 

Cleft'= {A{X, as in (|4.5D }. 

Proof. Indeed these algebras are obtained following m Theorem 4]. As in 

loc. cit. we need to describe the 7^-linear and colinear algebra maps 

A. As is a polynomial ring in the variables it is enough to 

determine the value on xf-.^g^ly Set /(4i)ff0 fc)) = yfij)9(/k) “ 

Then / is ?^-colinear by Lemmas 14.11 and 14.51 We claim that / is also 
H-linear. Indeed, for all ^ € iL and all 1 < A: < 0, 

/(<? • = 9 ■ 

f{xk ■ = 0 = Xfc ■ 

where the first equality holds by (j4.4p and the second by Lemma [4.6l and [A31 
Proposition 4.1]. The claim follows since TL is generated by H and the x^s 
as an algebra. Then A/Af{{^°'^'H)^) = A/Af{{^°'^'H)^)A = A{\,ti,i') is 
a cleft object of H by Proposition 13.31 □ 

4.2. Liftings. In this subsection we give a presentation for the Hopf al¬ 
gebras L{A{\, fi,u),'H) and L{A{X, We apply Proposition 13.31 

together with formula (13.711 . 

Proposition 4.8. The Hopf algebra C{X,ii,u) = L(.A(A, p, i/), 77) is the 
quotient ofTiV) by relations relations 

(4.7) Oij = Xij{l - giPj); 

(4.8) 4 =/i(fc)(i-4); 

(4.9) [a(i_ii+i),ai]c = r'i(l - gjgi-igi+i) 

- ‘^Xi{9i-l)T(i)^i-li+l9i-l9i+l{^ “ 9i)- 

In particular, it is a cocycle deformation ofTL with gr£(A, /r,i/) ~ TL. 

Proof. We follow Proposition 13.31 (c): The XijA and the x^’s are skew- 
primitive elements in T(y)ffH, so we quotient T{V)ffH by relations (|4.7p 
and (|4.8p to obtain the corresponding lifting. Again, Proposition 13.31 (c), 
see also |A-|-i Corollary 5.12], applies for the relation a:j]c since it 

is primitive, and u = [a(j_ii+i), ai]c -h Axi{gi-i)T(i)\i-ii+igi-igi+i{l - gf) 
is the corresponding skew-primitive element, see (|3.7p . □ 
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Let i / j € I. If |z — j\ > 2, then we define recursively scalars dij{s), 
bij{s), s >0, as: dij{0) = 2Xij, bij{0) = -2xj(g(ij))Xij, and for s > 0, 

S —1 

(4.10) diji^s) = Qij j_|_2i+2('S I 1)) 

1=0 

s—1 

(4.11) bij{s) = '^bi+ij{l)dii+2i+2{s - l- l). 

1=0 

If \i — j\ = 1, then we set dij{s) = bij{s) = 0, for s > 0. In what follows 
y{k+ik) 1) fo simplify the summation formulas. 

Remark 4.9. Notice that dij{s) = 0 if XiX{jj+ 2 s) 7^ 

Lemma 4.10. Let j < k, i ^ {j — l,j,... ,k + 1}. Then 

k—j 

2 

(4.12) [Ui^ y(J k)]c ^ y(j+2s+l k)- 

s=0 

Proof. By induction on j — A:. If A: = j + 1, then 

A/(j j+i)]c = ^ij(l ~ Xj+i{9i9j))yj+i 4“ ^ij+iiXj{9i) ~ Xj+i{9j))yj 
— ^ij(l “ Xj+li9i9j)XiXji9j+l))yj+l 4“ ^ij+lixj{9i) ~ Xi {9j))yj 

The inductive step follows from the following formula: 

[yiiy{j—ik)]c — ‘^\j—iy{jk) 9ij—i\yj—i^\yi)y(jk)\i^f^ 

k—i 

2 

= dij — l{0)y(^jk) 4“ Qij — l ^ ^ i (^) [^J —1) A/(j+2s+l fc)] c 

s=0 

k —7 k—j — 1 —2s 

~T~ 2 

= dij-i{tS)y(^jk) + qij- ^dij{s) dj-lj+2s+l{t) y{j+ 2 {s+t+l)k)- 

s=0 t=0 

Here we have applied the inductive hypothesis twice. □ 

Lemma 4.11. Let j < k. Then 

k—j 

2 

(4.13) y(jk-\-l) ^ y(j-\- 2 s-\-lk)i 

s=l 

k — j — l 
2 

(4.14) [y{jk):yk]c 'j ^ bj k{s) y(^jj^2s+lk)- 

s=0 

Proof. First we prove ()4.13l) by induction on k — j. For A: = j + 1 we have 

[ 2/(7 j+l)) 2 /j+ 2 ]c = [[l/jj 2 /j+l]c) 2 /j+ 2 ]c 

~ y(jj+ 2 ) “ Xj+i{9j)yj+i[yj:yj+2]c l-X j+2{9j+i)[yjiyj+2\cyj+i 
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— y{jj+2) + Xi+ 2 ( 5 'i+l)(l + Xj+lidj j+2))^jj+2yj+l 
= y{jj+2) - bjj+2i0)yj+i. 

Now assume it holds for j', k' such that k' — f < k — j. Then by inductive 
hypothesis, Lemma [4.101 and using Xk+i = Xj if ^jk+i 7 ^^ 0 we obtain: 


\y(j k)^yk+\\c — [[j/j) ?/(j+i fe)]c) 2/fc+i]c 

= [%■) [y{j+lk)iVk+l]c]c + {xk+l{9{j+lk)) - X{j+lk){9j))^jk+lV(j+lk) 

k — j 
2 

= [yj,y{j+ik+i) — fej+ifc+i (a) y(j+2s+i fc+i)]c 

S = 1 

+ Xk+i{9{j+ik)){^ — Xj{9{j+ik))X(j+ik){9j))^jk+iy(j+ik) 

k—j k — 2s—j 

2 

= yuk+l) — '^bj+ik+lis) ^ djj+ 2 s+ 2 t+ 2 y{j+ 2 s+ 2 t+ 2 k+l) 

Now we prove ()4.14p . For A: = j + 1, j + 2 we have 
lyijj+i)^yj+i]c = /^(i+i)(i - Quj+i))yj = o> 

[yjj+ 2 j yj+ 2 ]c — [[yj J yj+ij+ 2 ]cj yk+ 2 ]c 

= >^jj+2{Xj+2{9j+lj+2) - Xj+lj+2{9j))yj+lj+2 
= -2Xi+2(fl'jr+l)Aj,j+2yjr + li+2 = bjj+2{0)yj+lj+2- 
Then we argue by induction in k — j as for (I4.13P . □ 

We define recursively C(j fc) G £ as follows: C{jj) = for j < k 

(4.15) C(j k) [^jy C(j+1 k)\c ~i~ djk{0')X(j k){.9j')C(j+l k—l)9jk 

k-j-1 

2 

+ 2 ^ djk-2t{t)X{j+lk-2t-l){9j)C(j+lk-2t-l)9j9{k-2tk)- 

t=l 

Remark 4.12. If s ^ t, then djk- 2 t{b)djk- 2 s{s) = 0 by Remark 14.91 Thus 
there is at most one non-trivial summand besides [aj,C{j+ik)]c in (|4.15p . 

Lemma 4.13. The C-coaction 6 of A satisfies: 

k-l 

d(.y{j fc)) C(j fc) f T 9 (j k) ^ y(j fc) T 2 'y ^ <7(5+1 k) ® y^s+i k) • 

s=j 

Proof. Again by induction: the case k = j + 1 is direct. Now assume it holds 
for k — j. Then we compute 

d(.y{j—ik)') fc)) X(j k){9j—i')d{^y(^j k)')d{yj—i') 

[oj— 1 , C{j fc)]c ® 1 + 2cij—l<7(j k) y(j k) 
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k-l 

“1“ ^ ^ ^ —15 C(j s)]cfl'(s+l k) ® y{s+l k) 9(j — lk) ® y(j — l k) 

s=j 
k-l 

+ 2 E X(j s){9j—l)C(j s)9j—l9{s+l k) ® [^J—1) y(s+l fc)]c 

s=j 

= [0'j-iX{jk)]c <8) 1 + (g) 

k-l 

^ ^ ^ —1) C(j s)]cff(s+l k) ® y(s+l fc) 9{j — lk) ® y{j —I k) 

s=j 

k — s — 1 

k-2 -^2— 

X(j s){9j—l)C(j s)9j—l9{s+l k) ® ^ ^ —ls+1 (^) y(s+2t+2 fc) 

s=j t=0 

‘^X{j k—l)i9j — l)C{j k—l)9j—lk ® —Ifc) 

by Lemma 14.101 The proof follows by reordering the summands. □ 

Now, for each m > 1, consider the m-adic approximation This 

is the quotient of T{V) by relations (14.31) and 

1 < I — k < m. 

Thus, we obtain a family of cleft objects Am{^, fJ-, i') for Tim = ^m{V)i^H 
given by the quotient of T{V) by relations (14.Sp together with 

(4.16) yfki)-y{ki)^ l<l-k<m. 

Let := L{ArmT~im)- Notice that Cq = C. We keep the name 

6 : Am —^ Am for the coaction at each level. 

For the next two lemmas we consider a fixed m. 

Lemma 4.14. Let i < j < k be such that k — j < m. Then there exist 
Cijk{s,t) £ 11^ such that 

(4.17) \y (i k) 1 y{j k)\c 'y ^ ^ijk{sA)y{tk)y{sk)- 

i<s<t<k-\-l 

Proof. By induction on j — L If j = i + 1, then 

[y{j—ik)iy{jk)]c iyj—iVijk) X(j k){9j—i}y(j k)yj—i)y{j k) 

X{j k)(.9{j—ik)^y{j k){yj—iy{j k) X(j k){9j—i)y(j k)yj—i) 

= i^(ifc)(i - xljk)i9j-i))yj-i = 0, 

since X{j k)i.9{j—ik)^ X{j k)(.9j—i')X{j k)(.9{j k)) X{j k){9j—i')• 

Now assume it holds for all < f such that j — i > f — Then 

[y{i—l k): y{j k)]c [yi—1: [y(i k ); /c)]c]c X{i k) i.9i—l)y{i k) [yi—li y{j k)]c 

T X(jk){9[ik)')[yi—liy(jk)\cy(^ik) ^ ^ ^ijk{^i^^[yi—l-)y[tk)y{sk)\c 

i<s<t<k-\-l 
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fc—.7 
2 

+E A) k){.9{i k)^y{j-\- 2 s-\-l k)y(ik) X(j k) \]J(ik)^ y{j-\- 2 s-\-l /i:)]c) • 

r=0 

We apply the inductive step to express [y(ik)jy{j+ 2 s+ik)]c as a linear combi¬ 
nation of products y[tk)y{sk)- Also, 

[?/*—1) 2/(4 fc)?/(s fc)]c [//j—1 5 2/(4 A:)]c2/(s fc) A X(4 fc) (i/i—1)2/(4 fc) [//i—1 j 2/(s A:)]c' 

We apply Lemma fd.lOl and the inductive step to obtain a linear combination 
of elements y(tk)y(sk) ior k +1 > t > s > i. Assume that some appears 

with non-zero coefficient. Then X{ik)X(jk) = xftk)^ so X(it_i)X(j 4 -i) = e, 
which contradicts X{it+i)X{jt+i){9iit+i)9ijt+i)) = “I- □ 

Lemma 4.15. Let j < k. There exist € C such that 

k-l 

Hyfj k)) = Cfj fc) 1 + 4 X] Xij s) {9is+i k))Cfj s)9(s+i k) ® yls+i k) 

s=j 

(4.18) +9fjk)^yuk)+ E Z(jfc)('S,t) <8)y(4fc)2/(sfc)- 

i<s<t<k-\-l 


Proof. As 5 is an algebra map, 

V 

C{js)9{s+lk) ®2/(s+lfc) I 

Then we apply Lemma 14.141 to write the right hand side as a linear combi¬ 
nation of elements 2/(4fc)2/(sfc) (remember that 2 /(fc+ifc) = !)• ^ 

Notice that Tim+i = LLm/Im+i is such that Im+i is generated by skew 
primitive elements |ASll Remark 6.10]. According to Proposition 13.31 cf. 
(|3.7I) . to describe Cm+i as a quotient of Cm we need the deforming elements 
U(j /j) defined by the equation: 

(4.19) C(%) ® 1 - KVijk)? = U(jfc) ® 1. 

Recall the definition of C(j k) ™ (I4.15P . 

Remark 4.16. As in the case of 3:(jfc), y{jk)^ define recursively = aj, 
(^{jk) = A') «(j-i-ifc)]c- By induction we see that 

C{jk) = ®(jfc) + other terms with factors 0 ( 5 ^), t — s < k — j. 

For example, 

C(12) = «(12)) C(13) = 0(13) + 2Ai3(7i2a2yifl'3- 

Theorem 4.17. The algebra £(A,/x, iz) := L{A{X, is the quotient 

ofC{X,ti,u) by 

(4.20) 


( k-l 
C{j fc) ® 1 + 9{j k) ® y{j fc) + 2 

s=j 


^{jk) T{jk){^ 9{jk)) ~^''^{jk) 
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where U(j is defined reeursively as: = 0, /c G I, and for k > j 

Xp+i,ki9j,p)h{p+ii){fi-{jp) ^ h{jp)i^ ~ 9(jp))^9(p+ik)- 

j<p<k 

Proof. We prove the statement by induction in m = k—j. We work over Tim, 
Am, C-m- Then is primitive and 7(a^(jfc)) = 'Em '■ C. ^ C-m 

the canonical projection. By (|4.18l) . 

^{Vlk)) = (C(%) - ^{jk)) ® 1 + 9lk) ® Vlk) 

+ X] '^m{z(jk){s,t)) ^yi^tk)y{sk)- 

i<s<t<k-\-l 

By Proposition 1,3.31 TTm{z(^j k){s,t)) = 0 and the theorem follows. □ 

Example 4.18. For 0 = 2, 3 we have the following relations 

({12) ~ M(12)(1 - 512) “ ■^^(12) 

= ®^12) “ ^(12) (1 “ 512 ) “ 4(72l/l-(l)lt{2)(l “ 9i)92, 

C 73 ) “ 1^(13) (1 - 5^13)) “ ■^(13) 

= («(13) + 2Ai3gi2a2fl'l3)^ - /1(13)(1 - 5^13)) “ '^(13) 

= 0(^3) + 2gi2Ai3l/2(l - 5'(13)5'2)fi'13 + 4912^13/^(2) (1 “ S'2)fi'l3 

“ /hl3)(l “ 5^13)) “ 493i92l/l(23)Ai(l)(l “ 91 ) 922 , 

- 493i932/t(3) (/i(i2)(l - 9 I 2 ) + 4921/1(i)/1(2)(1 - 9l)9t)91- 

Remark 4.19. We set G = {fLl2nTl2f for some n > 2, gi, i = 1,2,3, the 
generators of each cyclic factor. Set H = kG. Given the matrix q = 

^-1-1-1^, there exist y* G F, i = 1,2,3, such that Xji9i) = Qij, so V is 

realized in Notice that x| = e, i = 1, 2,3, X 1 X 3 = e, so the scalars 

Ai 3 can be simultaneously non-zero by (j4.4p for the Yetter-Drinfeld module 
V with basis vt G V^\ 

But for 0 > 4 we have that A 13 A 24 = 0. Indeed X(i 4 )( 9 (i 4 )) = so 
either xiXs 7 / e or else X 2 X 4 A 

Also h' 2 k '3 = 0. Otherwise X 1 X 2 X 3 = X 2 X 3 X 4 ) which implies that xi 2 = 
X34, so X(14)(9(14)) = Xi2(5i2)X34(ff34) = 1, a contradiction. 

Remark 4.20. The computation of Cfjk)^ 3 involves the computation of 
[ 0 (^ 5 ),®(r's')]c for r < s, r' < s'. A general abstract formula involves all the 
scalars grs, ^st- However not all of them can be non-zero simultaneously, 
see Remark 14.191 For example, 

[ni)n(35)]c = 2Ai3a45 — 2x34(fl'i)Ai5a34fl'i5 + 4x3(9i)Ai4A35(l — 935) 
[n(14))a3]c = 2Ai3X3(9(24))n(24) - 2^30192343 + 8A24/4(3)X3(92)ai924(93 “ 1)) 
[o(i4),a2]c = 2X240(13)924 + 2X2(94)^204 +4X24X3(912)03042924 






32 


ANDRUSKIEWITSCH; ANGIONO; GARCfA IGLESIAS 


+ 4A24X23(9l)a230l5'24 — 8A24X23(9l2)«302ai5'24- 


In the first identity we necessarily have A 13 A 14 = A 15 A 14 = 0. Similar 
conditions follow for the other two identities. 

Example 4.21. Set 0 = 5 and consider the braiding matrix 



Thus X 13 , X 15 , X24, X( 13 )X 2 , X(24)X3 7^ £• We may assume there are gi, Xj 
are such that 


X14 = X35 = X(35)X4 = X? = e, 


1 < i < 5. 


Notice that C(i 3 ) — «( 13 )) C( 24 ) — «( 24 )) but 

C( 14 ) = «( 14 ) — 4 Ai 4 a 23 ffl 4 , C( 15 ) = “( 15 ) + 4 Ai 4 A 35 a 2535 + 4X3504012535, 
C( 25 ) = “( 25 ) + 4X350402535. 

We compute the relations involving C(^jj_,_i), C(^jj+2) Example 14.181 

For the other cases we need some auxiliary computations as 

[“( 14 ))“ 23 ]c = [“ 2 ,“( 25 )]c = [“( 25 ))“ 4 ]c = 0 , 

[“(15))“2]c = 8 X 14 X 35 / 1 ( 2 ) (1 — 52)(1 + 514 ) 535 ) 

[“12: “( 15 )]c = [“1: [“2: “( 15 )]c]c = 0, 

[“( 15 ):“ 4 ]c = 8 X 35 / 1 ( 4 ) 012535(54 “ 1) “ 2Xi 40(25)514 “ 2zi40i25(35)54- 

We have that 

C(^ 14 ) = “( 14 ) + 16Xi4(/1(23)(1 — 523) — 2/1(2)/1(3)(1 — 52)03)514: 

C(^ 25 ) = 0 ( 25 ) + 16 Xi 5 /l( 4 )/l( 2 )(l - 5|)(1 “ gl ) gh ^ 

^(^ 5 ) = “T 5 ) “ 16X14X15/1(2) (1 — 52)035 

— 16X|5/1(4)(1 — 5|)(/1(i2)(1 — 512 ) + 2/1(i)/1(2)(1 — 01 ) 02)035 
+ 8X35040(15)012535 + 32X14X15/1(2) (1 — 52)(1 + 014)535 

— 8zi4X35(/l(i2)(l — 512) + 2/1 (i)/ 1(2)(1 — 5l)02 ) 0(35) 

— 8X14X350(25)012514535 — 32X14X150402012535, 

SO last relation can be deformed in higher strata of the coradical filtration. 


5. The case N = 3 


Let H, V as in M r as in (E+D. Assume that V is of type A 51 , 0 G N, 
associated to (primitive) cubic root of unity Let )B(IL) be the correspond¬ 
ing Nichols algebra. In this section we compute the liftings of V. We show 
that all of them arise as cocycle deformations of ^(V)^H. 
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5.1. Cleft objects. Let us set, following Proposition 13..SI A = ^(A) the 
quotient of T[V)^H by the relations 

(5.1) yij = 0, i < j -1] ynj = Xuj, \j - i\ = 1 

for some family of scalars A = {Xuj) satisfying 

(5.2) Xiij = 0 if Xiij 7^ e- 

Here, we have renamed the basis {xi,...,x^} of P by {yi,... ,yo}. 

If ^ 7 ^ 0, then these algebras are cleft objects for T-L, by Proposition 13.31 
The coaction p : A ^ A® Ti given by 

piVi) = Vi'i-+ 9i’S i yi, i G I. 

We will show that ^(A) A 0 for every A satisfying (15.2p . In particular, this 
will show that (1,1.12h holds for j = 0. First, we develop some technicalities 
about these scalars. 

Lemma 5.1. (1) Let 1 < i 7 ^ j < 0, | i — j |= 1. If Xuj = then 

Qij = Qji = C- 

(2) Let l<i<6 — 2, j = i + l, k = i + 2. If xuj = e or Xijj = e, then 
Xjjk A ^ and Xjkk 7^ £• 

(3) Let 1 <i< 6 — 3, j = i + l, k = i + 2, I = i +3. If xuj = ^ or 
Xijj = e, then Xkki + e and Xkii A 

Proof. We set i = 1 to simplify the notation. For (1), observe that X 112 = e 
gives 1 = Xii 2 (fi'i) = and 1 = Xii 2 ( 5 ' 2 ) = ■^^^ 21 - Hence q 2 i = qi 2 = f- 
Idem for X 122 = £• For (2), we have 

Xll2(5223)X223(fl'112) = (931913)^(921912)^(Q'23932)922 = 

Hence, if X 112 = then X 223 A The other combinations follow analo¬ 
gously. For (3), it follows that Xii 2 (fl' 334 )X 334 ( 5 ii 2 ) = C- Thus if X 112 = e, 
then X 334 7 ^ e. A similar computation yields the other combinations. □ 

Proposition 5.2. Let A = {Xnj) satisfy (15.2p . Then A.(A) A 0- Hence 
Hence A.(A) G Cleft "H and, in particular, 

Cleft'H = {A(A)|A as in ()5.2p }. 

Proof. Set A = A(A). Observe that A ~ SgAH, for 

£g = Ik(yi, ...,ye\ yij, i < j - P, yuj - Xuj, \j - i| = 1) 

as the ideal of T{V) generated by (15.11) is an object in ^yV. 

Hence we need to show that Sg A We see this by induction on 0 > 2. 
For 9 = 2, we distinguish three cases, namely 

(i) A 112 = A 122 = 0; 


(ii) A112 A Oj A122 — 0; (hi) A112A122 A 0 - 
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Case (i) is clear, as E 2 is the distinguished pre-Nichols algebra of type ^ 2 , 
cf. p. [3l For both cases (ii) and (hi) notice that, as qi 2 = 921 = ? by Lemma 
15.11 the defining relations become: 

A112 = yly2 + 2/12/22/1 + 2/22/1, A122 = 2/22/1 + 2/22/12/2 + 2/12/2- 


Now case (iii) follows by observing that a : £"2 —)• k given by 


(5.3) 


a(2/i) = 


( A 112 \ 


“(2/2) = 


( A 122 \ 
V3Aii2/ 


3x3. 


V3Ai22/ 

is a well defined one-dimensional representation. 

For case (ii), we have the representation a : £2 

(5.4) a{yi] 

We turn now to the general case 0 > 3. If A 112 = A 122 = 0, then we have 
an algebra isomorphism 


/o 1 0\ 


£ —A 112 

0 

—A 112 \ 

0 0 1, 

“(2/2) = ( 

0 

0 

0 

V0 0 0/ 


V A 112 

0 

A 112 / 


£e/{yi) ^ £e-i 


2<i<9 


where Ui, 1 < i < 9 — 1 stand for the generators of Eg-i- Hence we may 
assume A 112 7 ^ 0 . Thus it follows that A 223 = A 233 = 0 and (if 9 > A) A 334 = 
A 344 = 0, by Lemma l5.II In particular, if 0 = 3, there is an isomorphism 


£3/(93) - £2, yit-^ ai, I <i <2 

which shows that £”3 7 ^ 0 . Let then 9 > A and assume £^^ 7 ^ 0 for every 
'9 < 9 . For i G N, we set i* = i + ^- Let Q = {(lij)i<i,j<e be the braiding 
matrix and consider the submatrix Q' = {q[j)i<i^j<e- 3 -, q'ij = qi*j* and the 
subfamily X'^j = Xi*i*j*. Consider the corresponding algebra 

£^ 0 _ 3 (A'), with generators ai,...,a 0 _ 3 . We denote this algebra by B and 
rename the generators ri’j+3 := Oj, 1 < i < 9 — 3 . That is, B is the algebra 
generated by Wi, ... ,wg with relations defined by a subset of the relations 
in (EU). Let A be the algebra £^2(Aii2, A122), with generators si,S 2 - Let us 
also set E = £g/{y^). We will show that FI 7 ^ 0, hence £g 7 ^ 0. Let us denote 
by 2/1,2/2) 2/4, ••• j 2/0 ^ E the images of the corresponding generators of £g. 

Let a : H —>■ be the representation dehned in (|5.3I) if A 122 7 ^ 0 or 

the representation in (15.41) if A 122 = 0, with m = I or m = 3, respectively. 
Set, accordingly, Mi = a{si),M 2 = 0 ( 32 ). Let us consider the vector space 
W = B 0V. We dehne g : E ^ End(iy) given by 


g{yj)(b(S)v) 


gj - b® Mj V, j <3 
Wjb 01;, j > 3. 


This is a well-dehned representation. For instance: 


£'( 2/112 - Aii2)(tCfc ®v) = (Xk{9ll2)Xll2 - Xii2)Wk ® u = 0, 

£'(2/12/1 - qjkyjyi){'Wk ®v) = (qijqjk - qjkqij)wjWk ® Ml u = 0, j > 3, 
Qiyjji - Xjji){wk ( 8 ) u) = WjjiWk 0v- XjjiWk (giv = 0, 3 < j = 1-1. 
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Hence the proposition follows. □ 

We need to compute piyfi^i^) = p{y{ki))^^ 1 < k < I < 6. We have: 

(5.5) p{yif = yf (g)l+ gf (g) xf, i G I 

as these elements are skew-primitives for the coaction. Now, for every k,l, 

p{y{ki)) = y(ki) ® 1 + g(ki) ® ^{ki) + (i ~ ^ y{kp)g{p+ii) <s> 2:(p+io> 

k<p<l 

again as relation yij = 0, i < j — 1 holds in A. 

Consider a family of indeterminate variables t = {tuj) and let R = lk[t] 
be the polynomial ring on those variables. Let us denote by Rr and An the 
i?-algebras defined by the same relations as R and A. Given a family A as 
above, we consider the evaluation tnj i-A Xnj. Thus, we have AriSir k = A, 
Rr i^ir k = R. Let be the ideal generated by t. By (15.ip we have: 

y{kr)y(ks) \(ks){.g{kr))y{ks)y{kr) T ^ Ar. 

If Xiij = 0 for every 1 < f, j < 0, then A^R and thus 

piyfki)) = yfki)‘^^ +g{ki)^^fki)+ ^pyfkp)gfp+ii)‘^^fp+ii)^ 

k<p<l 

for Bp as in (|1.7p . Hence, 

piyfki)) = y{ki)®^ + 9{ki) ^ xfki) 

+ X] ^pyfkp)9{p+l l) ® ^fp+l l) + ® 'Hr. 

k<p<l 

Hence, in the computation of p{y^f.i-^) in the general case, we need to focus on 
the terms in which a scalar A*** may appear. See Example 1 5.3 1 for 6 = 2. This 
example shows the philosophy behind our calculations. Also, it introduces 
the notation -w in (15.6p to keep only the terms with a factor A***. 

Example 5.3. We will show that 

p{yi2) = y?2 o 1 + S'?2 ® xl2 + (1 - ffxi{92fyfg2 o 

Hence, we can take a section j : R ^ A such that 7 (xf 2 ) = 2 / 12 - 
Let us compute p{yi 2 )^. Set 

A = 2/12 0 1, H = 512 0X12, C = yig2®X2. 

Hence p{yi 2 ) = A + B + {1 — i‘^)C. As said, we need to focus on the terms 
in which a factor A*** may appear. These are related with the fact that yi 
appears to the left of 512 and are precisely: 

CAB, CBA, BCA, CAA, ACA, CAC, CCA. 

Now, for instance 

CAB = 51522/12512 0 X 2 X 12 = Xi2{g2)yiyi2gi22 0 X 2 X 12 
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= Aii2X12(S'2)5122 ® X 2 X 12 + Xl2(92)Xl2(^l)2/l22/l5'122 ® X2Xi2. 

We only need to keep the term involving Aii 2 . Hence, we write 
(5.6) CAB -w Aii2Xi2(ff2)fi'i22 <8) a::2a;i2 = Aii2^^5i22 <8) X2a;i2. 

as Aii 2 Xi 2 (fl' 2 ) = Aii 2 ^^. We will do this for every term. We need the 
following equalities: 

yiyi 2 = A112 + xi 2 ( 5 i)yi 2 yi A112; 

2 / 12/12 = Ai12(1 + i^)yi 2 + X 12 ( 51 )^ 2 / 122/1 Aii2(1 + ^^) 2 /l 2 ; 

2 / 122 / 12/12 = A 1122/12 + X 12 ( 51 ) 2 / 122/1 A 112512 

5151251 = A 11251 + Xi2(5i)5i25i A 11251 

5i5i2 = Aii 2(1 + C^)5i + Xi2(5i)^5i25i Aii2(l + ?^)5i- 

We have: 

CAB Aii2C^5i22 ® 3123:12) CBA ^ A 1125122 ® 3 : 23 : 12 ; 

BCA Aii2^5122 ^ X2Xi2. 

Thus CAB + CBA + BCA 0. 

CAA Aii 2^(1 + C^)5i252 ® X2] AC A Aii2.C^5i252 ® X2- 

Thus CAA + AC A 0. 

CAC Aii25i52 xl] CCA Aii2C^(l + ?^)5i52 ® xl- 
Thus CAC + CCA ^ 0. Therefore, 

5 ( 512 )^ = 5?2 1 + 5?2 ® XI 2 + (1 - C^)^Xi(52)^5?52 xl- 

□ 

From now on we consider the case 0 > 3. We will collect some technical 
identities needed to compute p{y{ki)Y ia a series of general lemmas. 

Lemma 5.4. The following identities hold in A: 

[5(10) 52]c ^ Ai 22(1 - C^)X2(5(3o)y(3/)) ^ ^ 3. 

Proof. Assume first I = 3. We have two cases, namely X 122 = e or not, 
(in which case it is possible to have X 223 = e)- We proceed as in |AS1[ 
Lemma 1.11]. In the hrst case, we have the lemma. In the second, we 
get [ 5 ( 13 )) 52 ]c = A 223(1 - X223(5i))3:i = 0, hence the lemma also holds (as 
A 122 = 0). For the general case we get: 

[y{ll),y 2 ]c = [[5(13))5(4Z)]c)52]c 

= X2(5(4/))[5(13))52]c5(40 “ X(4o(5'{13))5(4o[2/(13))52]c 
= Ai22532(1 - ?^)X 2 (5(4 0) ( 2 / 35(40 “ X(4o(fi'3)X(4o(S'122)5(4Z)53) 
= Ai22(1 - C^)X2(5(3o)2/(3/)) 

as Ai22X(5 0 ( 5122 ) = A 122 , 1 = X2(5(4o)T(4o( 52) plus q-Jacobi □ 
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Lemma 5.5. The following identities hold in A, for 1 < p < 1: 


[Upi 2/(1 i)]c 


Aii2(1 - C^)2/(30> 
Ai22(1 — f.)y{3i)^ 
0 , 


,(1 - OviViil), 

Proof. Using that A 112 X 112 = Aii 2 e, 


p = 1; 
p = 2; 

2 < p < /; ’ 

p = l. 


I > 3. 


[yi,y{ii)]c = Aii2(i - X(3o(5ii2))y(30 

= Aii 2(1 - X(3o(5ll2)Xll2(fl'(3o))2/(3/) = -^112(1 “ ?^)2/(3Z)- 

If p = 2, it follows by Lemma EH that [y 2 ,y(ii)]c = Ai 22 (l - 02/(30- 
Assume 2 < p < 1. Then 


[ypiy{ii)]c — [ 2 /p) [2/(ip—2))2/(p—1 o]c]c — X(p —1 z)(//(ip— 2 ))[ 2 /p)2/(p —1 z)]c2/(ip— 2 ) 

+ X(ip-2)(2/p)2/(ip-2)[2/p) 2/(p-iz)]c 

— —X(p-iz)(27(ip-2))Ap-ipp(l — 02/(p+iz)2/(ip-2) 

T X(ip— 2 )(2/p)Ap—ipp(l “ 02/(ip—2)2 /(p+i z) 

= Ap_ipp(l “ 0x(ip— 2 ) (5p) ^2/(ip—2 )2 /(p+i z) 

- X(p+lZ)(fl'(lp-2))Xp-lpp(fl'(lp-2))2/(p+lZ)2/(lp-2)) 

= Ap_ipp(l “ 0x(ip— 2 )( 2 /p)[2/(ip— 2 )5 2/(p+iz)]c = 0. 

Finally, ifp = I, using that [yi,yi-ii]c = (l-02/z2/z-iz-A/-i/zO and q-Jacobi 
(ESI) we arrive to 

[2/Z;2/(iz)]c = -Xz-iz(S'(iz- 2 ))((l - i)yiyi-ii - Az-izzO)2/(iz-2) 

+ X(iz-2)(5z)2/(iz-2)((1 - Cjyiyi-ii - Az-izzO) 

= (1 - 02/z2/(iz) 

+ Ai_ui0xz-iz(fl'(iz-2))(l - X(iz-2)(5z)xz(fl'(iz-2)))2/(iz-2)! 

and the lemma follows using that Az_i//xz-iz( 5 '(iz- 2 ))“^ = M-mXi{g(ii- 2 )) 
and xz(fi'(iz- 2 ))X(iz- 2 )(S'z) = 1- □ 

Remark 5.6. If / = 2, then [yi,y(ii)]c = A 112 . 

Remark 5.7. If 2 < p < /, then 


Indeed, if p = /, 


[y{ii),yp]c = 0 . 


[y{ii),yi\c = (1 - Xz(5(iz))X(iz)(5z))2/(iz)2/z - Xz(5(iz))[2/z, 2/(iz)]c 
= (1 - 02 /( 102 // - Xz(5(iz))(l - 02/z2/(iz) 

= (1 - 0[2/(iz),2/z]c- 



38 


ANDRUSKIEWITSCH; ANGIONO; GARCfA IGLESIAS 


If 1 < p < / this follows from 

Uplc (1 “ Xp{ 9 {ii))x{ii){ 9 p))y{ii)yp ~ Xp{ 9 {ii))[ypiy{ii)]c O- 
Remark 5.8. Let 1 < p < I — 2. Then 

[y(ip+i)) 2/(1 z)]c = X(i z) (ffp+i) [[//(i p)) 2/(1 z)]c) 2/p+i]c- 

Hence, 

[2/(1 p)) 2/(1 z)]c = X(i z) (2/(2p)) [■ ■ • [2/1) 2/(1 z)]c) 2/2]c) ■ ■ ■ ) 2 /p—i]c) 2 /p]c- 
Indeed, using q-Jacobi (12.2|) we see that (15.711 holds; 

[2/(1 p+i)) 2/(1 z)]c = [ 2 /(ip)! [2/p+i) 2/(1 z)]c]c T X{ii) (2/p+i) [ 2 /(ip)) 2/(1 z)]c 2 /p+i 

~ Xp+i (2/(ip))2/p+i [2/(1 p)! 2/(1 z)]c = X(i z) (2/p+i) [[2/(1 p)! 2/(1 z)]c) 2/p+i]c) 
as [1/(1 p), [2/p+i) 2/(iz)]c]c = 0. This last equality is clear ifp > 2 by Lemma [531 
that also yields [yi, [2/2,2/(iz)]c]c = Ai22(l - 0(2/i2/(3Z) - Xi22(5i)X(3Z)(5i)) = 
Ai 22(1 - 0 [2/1; 2/(3 z)]c = 0. 

Lemma 5.9. The following identities hold in A. 

(1) [ 2/(1 z), 2 /(fcp)]c = 0,/or 3 < A: < p < L 

(^) [ 2/(1 p), 2/(3 Z)]c = X(3p)(ff(ip))(l - ?^)2/(3p)2/(iz); for3<p<l. 

Proof. ([H) Fix k. Recall that [y(ii),yj]c = 0, for 3 < / < Z, by Remark 15.71 
In particular, [ 2 /(iz), 2 /Zc]c = 0. Now, using induction on p and q-Jacobi (12.2p . 

[ 2/(1 Z) ) 2/(Z:p)]c Xp(2/(Z:p—1)) [ 2/(1 Z) ; 2/p]c2/(Zcp—1) 

T X(Zcp—i) (5(1 z)) 2 /(fcp—i) [2/(1 Z); 2 /p]c O' 

(I2|) We have, using q-Jacobi (12.2p and Item ([1]) for /c = 3: 

[ 2/(1 p)) 2/(3 z)]c [ 2/(1 p); [ 2/(3 p); 2/(p+l Z)]c]c 

X(p+iz) (2/(3p))2/(i z)2/(3p) T X(3p)( 2/(1 p))2/(3p)2/(i z) 
X(3p)(2/(lp))(l X(p +1 Z) (2/(3p))X(3p) (5(p+l Z)))2/(3p)2/(l z) 

and (I2|) follows as X(p+iz)(5'(3p))X(3p)(S'(p+iz)) = □ 

Lemma 5.10. The following identities hold in A: 

[ 2/(1 Z); 2/(2 Z)]c = -3Ai22X2(fi'(lZ))2/^3Z); ^ ^ 3. 

Proof. Follows using Lemma 15.41 combined with Lemma 15.91 ([T]) : 

[ 2/(1 Z); 2/(2 Z)]c = [y{ll), [ 2 / 2 ,2/(3 Z)]c]c = [[//(I Z); 2/2]c, 2/(3 Z)]c 

= Ai22(1 - /^)X2(5'(3Z))(1 - X{3l){9l229{3l)))y{3l) 

= Ai22(1 - /^)X2(S'(3Z))(1 - C‘^)y{3l) = “3Ai22?^X2(5'(3Z))2/^3Z)> 
and thus the lemma follows as Ai22X2(2/(i z)) = Ai 22 ?^X 2 ( 2 /( 3 Z))' ^ 

Lemma 5.11. The following identities hold in A: 

(1) [2/l,2/(lZ)]c = Aii2(1 - /^)2/(3Z); I > 3. 
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C^) [y{i2),y(ii)]c = -3?^Aii2X(i«)(ff2)y(3oy2 + Aii2(i -C)y(2i), i > 3. 

(3) For 2> <p <1: 

[y{ip)iy{ii)\c = -3^^Aii2X(iz)(5'(2p))2/(3Z)y(2p) + 3Aii2Xi(S'(3p))2/(3p)y(2 0- 

Proof. (H]) is Lemma [531 for p = 1. For (l2|) we use ()5.7I1 and ([I|) to get: 

[yi2,y{ii)]c = X{ii){92)[[yi,y{ii)]c,y2]c = Aii2(i - f.‘^)x(ii){92)[y{3i),y2]c- 

Now [y(3i),2/2]c = (1 - C^)2/(3Z)y2 - X2(5(31))2/(21) and (H) follows using the 
equality Aii2X2(5(3Z))X(iz)(52) = A112C. 

For ([3]), we use q-Jacobi (|2.2p and Lemma ISTOl to get 

[ 2/(1 p)!2/(1 Z)]c = X(iz)(5(3p))[2/i2,2/(io]c2/(3p) “ X(3p)(5i2)2/(3p)[2/i2,2/(io]c 

= -3^^Aii2X(io(52)(^X(iz)(5(3p))2/(3Z)2/22/(3p) “ X(3p)(5i2)2/(3p)2/(302/2) 

+ Aii2(1 - O(x(io(5(3p))2/(202/(3p) - X(3p)(512)2/(3p)2/(20) 

= -3^^ Aii2X(1 0 (52)X(1 l) (5(3p))y(3 1)9(2p) 

+ 3^^ Aii2 X(1 1) (52)X(3p) (512) [5(3p)) 5(3 /)]c52 
+ Aii2(1 - OX(io(S'(3p))[5(2Z)j5(3p)]c 
+ Aii2(1 - OX(lo(fl'(3p))X(3p)(5(2Z))(l - f)y{3p)y{2l)- 

We use this equality and Lemma [5d] to deduce Aii2[5(3p),5(3z)]c = 0- AVe 
use this fact together with Lemma 15.91 ([T]) and Lemma 15.41 to get 

[ 5(1 Z))5(2p)]c [[ 5(1 Z)5 52(c) 5(3p)]c 

= Ai22(1 - C^)X2(5(3Z))(1 - X(3p)(5l225(3Z))X(3Z)(5(3p)))5(3Z)5(3p) 
(5-8) - Ai 22(1 - C^)X2(5(3Z))X(3p)(5(3Z))?^[5(3p))5(3Z)]c 

= -3^^Ai22X2(5(3Z))5(3Z)5(3p)- 

In particular, Aii2[5(2Z)) 5(3p)]c = 0 by Lemma [5dl Hence ([3]) follows. □ 
Remark 5.12. We have, for 2 < p < 1: 

_ /Ai22(1 -C^)X2(5(3Z))5(30’ P=‘^ 

[5(1Z)) 5(2p)Jc N . , t2\2 / \ ^ o 

[Ai 22(1 - r) X2(5(3Z))5(3Z)5(3 p)) P > 2. 

For p = 2 this is Lemma 15.41 For p > 2 this is (|5.8I) . 

Proposition 5.13. For Cp as in dni) we have 

P{yiki)f = yfki)^'^ + 9(ki)^xf^i)+ <^py{kp)9(p+ii)^xfp^ii)- 

k<p<l 


Proof. Let us set k = 1 < I to simplify the notation. We may assume I > 3 
as case / = 1 is ()5.5I) and case / = 2 is Example 15.31 Set 

A = 5(iz)®1, S = 5(iz) Xp = ^ x^p+npl < p < 1. 
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In what respects to commutation rules, we may set, without lack of rigour, 
Xi := A, as with the convention < 7 (^+ 1 /) = = 1 it becomes 

= y{i 1)9(1+11) ® = y(H) (g) 1. 

As in Example 15.31 we need to focus on the terms of (A+i? + (l —^ 
involving a factor A***. These are divided into three big groups, namely: 

(Gl) For every pair p < q, terms XYZ involving X,Y,Z € {B, Xp, Xg}, 
all different, Xp to the left of Xg. 

(G2) For every pair p < q, terms XYZ involving X,Y, Z € {Xp, Xg}, not 
all equal and with a factor Xp to the left of Xg. 

(G3) For every triple p < q < r, terms XY Z from distinct X,Y, Z £ 
{Xp, Xg, Xr} and with Xp to the left of Xg or Xj. or with Xg to the 
left of Xr- 

Since our aim is to show that there is no term involving a factor A***, 
we may further restrict these groups, as the other resulting combinations 
provide equivalent terms. For instance, we have 

XpXi = y(Ip)g(p+i 1)1/(11)9(1+11) X(p+ii'^X(i+ii) 

= y(ip)9(p+ii)y(ii) ® x(p+ii) 

X(ii)i9(p+ii))y(ip)y(ii)9(p+i 1) Z)X(p+iiy 

XpXg y(lp)9(p+ll)y(lq)9(q+ll) Z! X(p+ii(X(g+ii'^ 

X(lq) {9(p+l l))X(q+l 1) {9(p+l Z))2/(1 p)2/(1 l)9(p+l l)9(q+l l) ® X(g+1 i'jX(p+i 
X(iz)(//(p+i/))2/(ip)2/(iz)2/(p+iz)2/(ij+iz) ® X(g+ii'^X(p+iiy 
Hence we restrict to the following subgroups: 

(Gl’) For every p < I, terms XYZ involving X,Y,Z € {B,Xp,A}, all 
different, Xp to the left of A. 

(G2’) For every p < I, terms XYZ involving X,Y,Z € {Xp,A}, not all 
equal and with a factor Xp to the left of A. 

(G3’) For every pair p < q < I, terms XY Z arising from distinct X,Y,Z £ 
{Xp, Xg, A} and with Xp to the left of Xg or A or with Xg to the 
left of A. 

We start with group (Gl’): notice that, for any p: 

XpAB + XpBA + BXpA 

= (!+? + ^‘^)X(ii){9p+il)y(ip)y(ii)9(ii)9(p+ii) Z) X(p+iyX(iy = 0 . 

We now proceed to group (G2’), i.e. . terms of the form XpAXp, XpXpA 
and XpAA, AXpA. We further divide: this group into 

(G2’.l) Factors arising from {A,Xi}. 

(G2’.2) Factors arising from {A, A 2 }. 

(G2’.3) Factors arising from {A,Xp}, p>3. 
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The computations for item (G2M) are analogous to the ones in Example 
15.31 and we get that the factor involving A*** is zero. For (G2’.2), we need 
the following computations: 

yi2ylii) -3Aii2(i + 0x(3 0 ( 52 ) 2 /( 302 / 22 /( 11 ) + Aii2(^^ - 02/(21)2/(11); 

2/(102/122/(10 “3Aii2X(3 0 ( 512 ) 2 /( 3 1)2/22/(11) + Aii2('C - 0)X(2o(5i)5(205(iO’ 

5122/(10512 -30Aii2X(i 0 ( 52 ) 5 ( 3 052512 + Aii2(l - 05(2Z)5i2; 

5i25(10 3Aii2^X(2o(5122)5(3Z)52512 + Aii2X(2/)(512)(0 - 05(20512- 

We have X 2 AA + AX 2 A ^ 0: 

X 2 AA = X(io(5(3o)^5i25^io5(3 0 ® ®(3 0 

Aii2(^3i/(3/)y25(i05(3/) “ (1 - OX2(5(3 o)5(205(iz)5(3o) ®^(3Z) 

AX 2 A = X(i0(5(30)5(i05i25(i05(30 

^ Aii 2(^ - 3y(3;)y25(i 1)5(3 0 + (^ “ OX2(5(3o)5(2/)5(io5(3/)) ^(3i) 

Also, A 2 AA 2 + ^ 2 ^ 2 ^ ^ 0: 

A 2 AX 2 = Xl2(5(3Z))X(lZ)(5(3o)5l25(lZ)5l25^30 ‘^^(31) 

Aii 2(^ - 3^?/(3;)y25l25^3 0 + (^ ~ ?^)X2(5(3/))5(2/)5125^3o) ® ^(31) 
X 2 X 2 A = X12(5(3Z))X(1Z)(5(3o)^5i25(1/)5^30 ‘^^(31) 

Aii2(^3^y(3;)y25i250Z) + X2(5(3Z))(?^ -05(2 0 5125^1)) ‘^^(30' 

We move onto (G2’.3). We need: 

5(ip)5^iz) X(i/)(5(ip))5(iz)5(ip)5(i0 “ 30Aii2X(io(5(2p))5(305(2p)5(i/) 

+ 3Aii 2(1 - 0)X(iz)(5(2p))X(3p)(52)5(3Z)5(3p)525(iO- 
5(iz)5(ip)5(i0 -30 Aii2X(3o(5(i/))5(3/)5(2p)5(iO 

+ 3Aii 2(1 - 0)X(3p)(52)X(3Z)(5(io)5(305(3p)525(iO- 
5(ip)5(i/)5(ip) -30Aii2X(io(5(2p))5(305(2p)5(ip) 

+ 3Aii 2(1 - 0)X(iz)(5(2p))X(3p)(52)5(3Z)5(3p)525(ip)- 
5?ip)5(i0 X(io(5(ip))5(ip)5(i05(ip) 

- 3 OAii2X(i 0(5(2p))X(30(5(1 p))X(2p)(5(ip))5(3z)5(2p)5(ip) 

- 3Aii 2(1 - OX(io(5(2p))X(3o(5(ip))X(3p)(5(ip))5(3Z)5(3p)525(ip)- 

Now, XpAA + AXpA equals 

X(i /) (5(p+i 0 ) (x(i 0 (5(p+i /) )5(ip)5(i 0 A 5(1 i)5(1 p)5(1 0 ) 5(p+i 0 ® ^(p+i 0 
and the factor between brackets, according to the equalities above is 

(1 + 05(io5(ip)5(iO “ 30 Aii2X(io(5(2Z))5(3/)5(2p)5(iz) 
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+ 3Aii2(i - C‘^)x{ii){9{2i))x{3p)i92)y{3i)y{3p)y2y{ii) 

^ “3(1 + ?^)Aii2X(3/)(5(i/))y(3/)y(2p)y(io 

+ 3Aii2(C - i‘^)x(3p){92)x{3i){9{ii))y{3i)y(3p)y2y{ii) 

- 3^^Aii2X(io(5'(2Z))y(3Z)2/(2p)2/(i/) 

+ 3Aii2(i - i^)x{ii){9(2i))x(3p){92)y(3i)y{3p)y2y{ii) 

= -3Aii2X(io(5'(2o)('^^ + (1 + i^)x{3i){9i)xi{9{2i)))y{3i)y{2p)y(ii) 

+ 3 Aii 2 X(iz)( 5 '( 2 Z))X( 3 p)( 5 ' 2 )(l + {i- i^)x{3i){9i)xi{9{2i))) 

X y{3i)y{3p)y2y{ii) 

= -3Aii2X(io(5'(2o)(i + ? + i^)y(3i)y{2p)y{ii) 

+ 3Aii2X(i/)(5'(2z))x(3p)(s'2)(i - + ('C - i^)i)y(3i)y{3p)y2y(ii) = o. 

Here we use that Aii 2 xr 2 ^ “ -^ 112 X 1 and Aii 2 Xi( 5 ' 2 ) = 6 Analogously, if 
'a = X(ip){9{p+ii))X{ii){9{p+i i))^ then XpAXp + XpXpA is 

«(x(io(5'(p+i/))2/^ip)2/(iz) + 2 /(ip) 2 /(i/) 2 /(ip))fi'fp+iz) 
and the factor between brackets is now 

-3(1 + ?^)Aii2X(io(5(2p))y(30l/(2p)l/(ip) 

+ 3Aii2(C - i^)x(ii){9{2p))x(3p){92)y(3i)y{3p)y2y{ip) 

- 3^^Aii2X(io(S'{2o)X(3/)(5'(ip))X(2p)(fi'(ip))y(3Z)2/(2p)2/(ip) 

- 3Aii 2(1 - OX(io(S'{2o)X(3o(5'(ip))X(3p)(fi'(ip))y(3Z)2/(3p)2/22/(ip) 

= -3Aii2X(i/)(s'(2p))(i + + i^)y{3i)y{2p)y{ip) 

+ 3Aii2X(io(fi'(2p))X(3p)(5'2)(l - i){i - ?'^)y(3Z)2/(3p)2/22/(lp) = 0. 

We are left with group (G3’). Again, we subdivide it: 

(G3’.l) Case p = 1, q = 2. 

(G3’.2) Case p = 1, <7 > 3. 

(G3’.3) Case p = 2,q>3. 

(G3’.4) Case p > 3. 

For (G3’.l), we have 

X 1 X 2 X 1 +X 1 X 1 X 2 +X 1 X 1 X 2 +X 2 X 1 X 1 +X 2 X 1 X 1 = Yi5r(205'(3/)C®(3/)^(2Z)5 

Yl = X {1 1){9{2 1)9(3 I))xi2i9{2 l))X{3 1){9{2 l))yiyi 2 y{l l) 

+ X(i 0 (5(2 1 ) )xi 2 (5(2 0 )X(3 0 (5(2 1 ) )5i5(i 1)912 

+ Xi2{g(2i))x{3i)i9{2i))y(ii)yiyi2 + X{ii)i9{3i))xii9{3i))yi2y{ii)yi 

+ X(i 0 (5(2 1)9(3 o)Xi (5(3 0 )5i25i5(i l) 

= fxi (5(3 o)xii2(5(2 Z))515125(1 1) + ^^Xii2(5(2 o)X(3 1) ( 52 ) 515 ( 1 05i2 

+ ^xi{9(2i))y(ii)yiyi2 + Cxn2{9(3i))yi2y(ii)yi 
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+ i^xi{9{2i))xii2{gcii))yi2yiy(ii)- 
Hence we need: 

2 / 12 / 122 /( 11 ) Xi 2 ( 51 ) 2 / 122 / 12 /( 1 /) + Aii 22 /(i/); 

2/i2/(i/)2/12 ^ii2X(i/)(5i)2/(i/) + ^ 112(1 - C^)2/(3/)2/i2; 

2/(i/)2/i5i 2 Aii25(ii); 

2/122/(i/)2/i -3^^Aii2X(i/)(52)2/(3/)2/25i + Aii2(l - 02/(2/)2/i; 

2/122/12/(1/) -3?^Aii2X(i/)( 512 ) 5 ( 3 /)2/22/i + Aii2(l - ?^)5(i/) 

+ Aii2(1 - 0X(i/)(5i)5(2/)5i + Aii 2 (l - '^^)X(3/)( 512 ) 5 ( 3 /)5i2- 
Using the above identities, 

Yi (^^^Xi(5(3/))Xii2(5(2/))Xi2(5i) + '^^Xi(5(2/))Xii2(5(3/)))5i25i5(i/) 
+ Aii2(?^ - '6)Xi(5(3/))5(1/) + Aii2(^^ - 0X(3/)(52)5(3/)512 

- 3^^Aii2X(3/)( 52 ) 5 ( 3 /)525i + Aii 2 ('^ - ^^)5(2/)5i 

-3(1 + 0Ai12X(3/)(52)5(3/)5251 + Aii2(C - '^^)xi(5(3/))5(i/) 

+ Aii2(C^ - 05(2/)5i + Aii2(? - ?^)X(3/)(52)5(3/)512 
+ Aii2(C^ - 0xi(5(3/))5(i/) + Aii2('C^ - 0X(3/)(52)5(3/)512 

- 3^^Aii2X(3/)( 52 ) 5 ( 3 /)5251 + Ai 12 (? - ?^)5(2/)51 
= -3(1 + C + ?^)Aii2X(3/)(52)5(3/)5251 

+ Aii2((C^ - 0 + (? - ?^))X(3/)(52)5(3/)512 
+ Aii2((C^ - 0 + (? - ?^))5(2/)51 
+ Aii2Xi(5(3/))((? - C^) + (C^ - 0)5(1/) = 0- 
Now we turn to (G3’.2): we have, for 5 > 3, 

XiX^Xi + XiXiXq + XlXlXg + XgXlX, + XgX^Xl 

= Y25(2/)5(g+l/) ® a;(5+l/)a/(2/)! 
for 

Y 2 = 0xi(5(2/))^X(l/)(5(g+l/))5l5(lg)5(l/) + 0xi(5(2/))^5l5(l/)5(lg) 

+ 'Cxi(5(2/))5(l/)5l5(lg) + Xll2(5(q+l/))X(3/)(5(g+l/))5(lq)5(l/)5l 
+ ■CXl (5(2 /))xil 2 (5(g+l /) )X(3 /) (5(g+l /) )5(1 q)5l5(l /) 
and thus we need 

5l5(lq)5(l/) X(lg) ( 51 ) 5(1 g)5l5(l/) + All 2 (l - 0)5(3 g)5(l/); 

5i5(1/)5(1q) Aii 2(1 - 0)X(l/)(5l)X(3g)(5(l/))5(3g)5(l/) 

+ Aii 2(1 - 0)5(3/)5(lg); 

5(1/)5i5(1q) Aii 2(1 - 0)X(3g)(5(l/))5(3g)5(l/); 
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y{iq)y{ii)yi -^i^^ii2X{ii){9{2q))y{‘ii)y{2q)yi + ‘^^ii2Xi{9ciq))y{‘iq)y(2i)yi 
y{lq)yiy{ll) -3^^-^112X(lZ)(5(lq))y(3/)y(2g)2/l - 3Aii2X(3g)(5l2)y(3g)y(l0 
+ 3Aii2X(lo(5'l)Xl(fi'(3<j))y(3<j)2/(2/)yi + Aii2(1 - i^)X{‘il){9{lq))y(1,l)y{lq)- 
That is 

Y 2 -3Aii 2(1 + ^ + C^)x(3/)(52)xi2(fl'(3<j))y(3/)y(2q)yi 

+ 3Aii2(1 + ? + i^)iX(?.l){g(q+ll))Xl{9{2,q))y(^q)y{2l)yi 
+ Aii2('C - 'C^)X(3o( 5'2)(1 “ Xll2(5'(3Z)))y(30y(lg) 

- 3Aii2X(3g)(5(lZ))Xl(5(2Z))(l + I + ?^)y(3g)y(iz) 0- 

For (G3’.3), we have, for q>3, 

X^XqXi + X2XiXg + XiX2Xg + XqXiX2 + X^X2Xi 

= ^39{3l)9{q+ll) ® a;( 5 +lZ)aZ( 3 i), 
for 

Y 3 = Xl2i9{3l))'^X{lq){9q+ll)yi2y{lq)y{ll) + C^Xl 2 (fl '(3 Z))^yi 2 y(l Z)y(l g) 

+ ^Xl2(fl'(3 l))y{l 1)9129(1 q) + Cxil 2 (fl'(g +1 Z))X (2 q) (^g+l z)y(l q)y{l 1)912 
+ ?^Xl2 {9(3 Z) )X(2 q) {9q+ll)xil2 {9(q+l Z) )2/(l q) 9129(1 Z) • 

Hence we need: 

yi2y(iq)y(ii) X(ig)(5i2)y(ig)yi2y(iz) - ‘^^ii2ix(3q){92)y(3q)y2y(ii) 

+ Ai12(1 - i)y( 2 q)y(ll)] 
yi 2 y(ii)y(iq) X(iz)( 512 ) 2/(1 z)yi 2 y(ig) 

— 3Aii2CX(3Z)(52)2/(3Z)y2y(lg) 

+ Aii 2(1 - Oy(2Z)2/(lg); 

y(ll)yi 2 y(lq) -3Aii2^X(3g)(5l22)X(3g)(5{g+lZ))X2(5(3Z))2/(3g)52y(lZ) 

+ Aii 2(1 - OX(2g)(5(lZ))2/(2g)y(lZ); 

5(1 9)5(1 Z)2/12 -3Aii2C^X(lZ)(5(2g))5(3Z)5(2g)5l2 

+ 3Aii2Xl(5(3g))5(3g)5(2Z)5l2; 

5(lg)5l25(lZ) -3Aii2C^X(lZ)(5(3g))X(lZ)(5l22)5(3Z)5(2g)5l2 

+ 3Aii 2^X1 (5(3 g) )X(3 Z) (512)5(3 g)5(2 Z)5l2 

- 3^^Aii2X(1 Z) (52)X(3 Z) (5(1 g))X2(5(l g))5(3 1)929(1 q) 

+ Ai 12(1 - 0X(2Z)(5(lg))5(2Z)5(lg) 

- 3C^Aii2X(lZ)(52)X(3g)(5(lg))X2(5(lZ))(l “ ?^)5(3 g)525(l Z) 

+ 3Aii2^^X(3g)(5l)5(2g)5(lZ)- 

We have used that, by q-Jacobi (12.2p and Remark 15.121 we have 
[5(lg))5(2Z)]c = [ 5 I) [5(1 g)) 5(2Z)]c]c + X(2Z) (5(2g)) [5(1 Z)) 5(2g)]c 
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- X(2q)(9l)(l - 0y{2q)y{ll) 

= bl! [y{lq)-,y{ 2 l)\(]c - 3Ai22^^X(2o(fl'(3<j))y(3Z)y(3<j) 
-X(2q)(ffl)(l -Oy(2g)y(l0 

and thus, combining Lemma l5.II and Lemma lS.llI (j3|): 


(5.9) Aii2b(ig),y(2Z)]c 
Hence, 


-3Aii2 Ai22?^X(2 1) (ff(3 g) )2/(3 Z)y(3 q) 

- All2X(2g)(5l)(l - C)y{2q)y{ll)- 


Yg -3Aii2Xl22(9(g+lo)X(3g)(95+l«)(l + ? + ^^)2/(3g)y2y(H) 

+ 3Aii 2(1 + ^ + ‘^^)X2(9(30)X(lg)(5(i}+l«))y(2(j)y(l0 

- 3Aii2(i + ^ + i^)y{'ii)y2y{iq) 

+ Ai12((1 - - (1 - i^))X2{9{Zl))y{2l)y{lq) 

- 3Aii2(1 + ^ + i^)Xl{9{Zq))yCil)y{2q)yi2 

+ 3Aii2(1 + ^ + ^‘^)Xl{9{3q))X{2q){9q+ll)y(3q)y{2l)yi2 0. 


Finally, for (G3’.4), we have, for 3 < p < q. 


XpXqXl + XpXlXq + XlXpXq + XgXlXp + XqXpXl 

^4:9{p+ll)9(q+ll) ® ^(q+ll)^(p+ll)i 


Y 4 = X{ii){9{p+ii)fx{ii){g{q+ii))y{ip)y{iq)y{ii) 

+ X{ii){9{p+ii))'^y{ip)y{ii)y{iq) + X{ii){9{p+ii))y{ii)y{ip)y(iq) 

4" X(i i) {9{q+i l))X{ip) (5(5+1 Z))5(i 5)5(11)5(1 p) 

4" X{il) (5(p+i l))X{il) (5(5+1 /))X(ip)(5(5+1 i))5(15)5(1 p)5(1 z)• 

Hence we need: 

5(ip)5(i5)5(1 Z) X(i5)(5(ip))5(i5)5(ip)5(iZ) 

- 3^^Aii2X(l5)(5(2p))5(35)5(2p)5(lZ) + 3Aii2Xl(5(3p))5(3p)5(25)5(lZ); 

5(ip)5(iz)5(i5) X(iz)(5(ip))5(iz)5(ip)5(i5) 

- 3^^Aii2X(iz)(5(2p))5(3Z)5(2p)5(i5) + 3Aii2Xi(5(3p))5(3p)5(2Z)5(i5); 

5(iz)5(ip)5(i5) -3^^Aii2X(i5)(5(2p))X(3 5)(5(iz))X(2p)(5(iz))5(3 5)5(2p)5(iz) 

+ 3A112X1 (5(3 p) )X(3p) (5(1 Z) )X(2 5) (5(1 Z) )5(3 p)5(2 5)5(1 Z); 

5(15)5(1 z)5(ip) -3'^^Aii2X(iz)(5(25))5(3Z)5(25)5(ip) 

+ 3Aii2Xl(5(35))5(35)5(2Z)5(lp); 

5(15)5(1 p)5(iz) -3 '^^Aii 2 X(iz)(5(2 5))X(iz)(5(ip))5(3z)5(25)5(1 p) 

+ 3A112X1 (5(3 5))X(1Z) (5(1 p))5(3 5)5(2 Z)5(lp) 

- 3^^Aii 2 X(i z) ( 5(2p) )x(3 z) (5(15) )X(2p) (5(15))5(3 z)5(2p)5(i 5) 
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- 3^^Aii2X(lo(5{2p))X(3g)(fi'(lg))(l - f)Xi2p){g(ll))y(3q)y{2p)y{ll) 

+ 3 A 112 XI (5(3 p) )X(3 p) (5(1 q) )X (2 1) (5(1 q))y{3 p)5(2 05(1 g) 

- 3Aii2Xl(5(3p))X(3p)(5(lg))X(2g)(5l)(l “ 05(3p)5(2 g)5(l Z) ■ 

Thus, we get to 

Y 4 -3Aii2?^X(iz)(5^p+io5(g+io)X(ig)(5(2p))(l +C + C^)5(3g)5(2p)5(l0 
+ 3Aii2Xl(5(2p))X(l/)(5(g+lZ)5^p+lZ))(l + ? + 'C^)5(3p)5(2g)5(lZ) 

- 3Aii2Xl(5(2/))X(lZ)(5(p+lZ))(l + C + ^^)5(3Z)5(2p)5(lg) 

+ 3Aii2Xi(5(3p))X(i/)(5(p+iz))^(l + + ?^)5(3p)5(2/)5(ig) 

- 3Aii2Xl(5(2/))X(lp)(5(g+lZ))(l + ? + C^)5(3Z)5(2g)5(lp) 

+ 3Aii2X(l/)(5(g+lZ))X(lp)(5{g+l/))Xl(5(3g))(l + ? + C^)5(3 g)5(2 Z)5(l p) 
^ 0, 

which establishes the lemma. □ 

Lemma 5.14. Ibe have [yi,y^i^i^]c = 0 for every l<i<6,l<k<l<9. 

Proof. We show this by induction on I — k. If Z — A: = 0, it is straightforward 
that [yi,yl]c = 0 for | A: — i |> 1 by (I5.ip . This is also clear if A: = i. If 
k = i + 1, say i = 1, A: = 2, we get: 

[ 5 i , 52 ]c = vi2yl + X2{gi)y2Vi2y2 + X2{gifylyi2 

= X2(512)5251252 + Ai22(1 + ^52 + X2(5l)^(l + 052512 
= Ai 22(1 + ? + 0)52 + X2(5l)^(l + C + 0)52512 = 0. 

Case z = A; + 1 is analogous. Fix A; and assume [5i)5^fcp)]c = 0 for every 
k < p < I, every I < A: < / < 5. It follows from Proposition 15.131 that 

pi[yi^y{ki)]c) = [yi,yfki)]c<^'i- + gig(ki) ^ [xi,xff,i)]c 

+ ^p[5p 5ffcp)]c5fp+io ^(p+iz) 

k<p<l 

+ <^pA'p5ffcp)5i5fp+io® [^p^(p+io]'=’ 

k<p<l 

for Cp as in ([I^D and 7 p = X(kp){gi)- % induction, we have = 0 

for every k <p < I while [xj, 3:(p+n)]c = 0 for every k <p <l 

by |A3[ Proposition 4.1]. That is, 

pi[yi^yfki)]c) = [yi,y{ki)]c®'^, 

i.e. [yi,yfi^i^]c G = k- Set k 9 s := [y*,Now, 

s = gi[yi,yfki)]cgf^ = ^Xiki){gif[yi,yfki)]c- 
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Hence s = 0 if X{kl){9if' 7^ Oii the other hand, 

«= 9lki)[yuylki)\cglki) = Xi{9{ki)f[yuylki)\c 

and thus s = 0 if Xi{9{ki))^ / t- t^^t we cannot have both Xi{9(ki))^ — t 
X{ki){9iY = as it contradicts 1 = X{ki){9iYxi{9{ki)f ■ Therefore s = 0 
and the lemma follows. □ 

The following shows (j3.12p for j = 1 and thus (13.Ill) in general. 
Theorem 5.15. Let A = A{\, fi) be the algebra quotient ofT{V) by 
(5.10) Vij = 0, i < j - I £l; yuj = Xuj, i,j £ I, \j - i| = 1; 

(5T1) yfki) = Liki), k <l el. 

for families of sealars A = {Xnj)ij and fj, = {ii(ki))k,i satisfying (j5.2l) and 

(5.12) y{ki)=0 ifxfki)^^- 
Then A e Cleft Ti. In particular, 

CMt'n = {> 1 (A,/ 2 )|A as in (|5.2I) . n as in (j5.12p }. 

Proof. By |A3j . X = is the polynomial algebra in the variables 

^ki ■■= g^kiflkip i<k<i<e. 

We will show that the ?^-cohnear algebra maps f : X ^ A generated by 

^ki ^ Yki - Skh 

for Yj^i := 9f^ki)y\ki) ^ki y{ki)9~{ki) "H-linear, when we consider 

the right adjoint action ■: X 0 H ^ X and the Miyashita-Ulbrich action 
A 0 K ^ A. We have, for h e H: 

fi^kl ■ h) = X{kl){hf{ykl - Ski) = fi^kl) ^ h, 

as X(ki){9i)^y{ki) = y{ki) by ( |5.12p . Also, by [Ml Proposition 4.1]: 

Xfcz ■Xi = {l- Xiki){9i)^Xi{9(ki))^)^kiXi = 0. 

On the other hand, {Yki~Ski) ^ Xi = Q, by Lemma fS.!!! Then, the theorem 
follows by 0 Theorem 8], see also |A+1 Theorem 3.3]. □ 

5.2. Liftings. Let L = T(A) be the quotient of T(y)ffH by the relations 

(5.13) Oij — 0, i <i j 1, anj — Ajjj(l 9iij): \j *1 — f 
for some family of scalars A = {Xnj) satisfying (15.21) and normalized by 

(5.14) Xiij = 0 if guj = 1. 

Here we rename the basis {xi, ... ,xe} of H by {oi, ... ,ao}. 

Remark 5.16. Observe that normalization (|5.14l) is not necessary when 0 > 
3. Take, for simplicity, i = l,j = 2. Then we have = Xii 2 ( 93 )X 3 ( 9 ii 2 )- 
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Recall the definition of the distinguished pre-Nichols algebra B{V) from 
p. [3] and the bosonization T-L = 

Proposition 5.17. Let \ = {Xuj) satisfy (|5.2I) and (I5.14p . Then 

(1) C{X) = L{A{\), A{\)); hence C{X) is a cocycle deformation ofTL. 

(2) C{X) is a pointed Hopf algebra with gr C = TL. 

Proof. Follows directly from Proposition 13.31 (c); see also the case = 2 in 
Proposition 14.81 □ 

Let 6 : .4.(A) —>■ /1(A) (g) ^(A) be the coaction. We have 

^{y{ki)) = a^ki) ®+ 9iki) ^ y{ki) + a(^kp)9ip+ii)®y{p+ii)- 

k<p<l 

We proceed to describe the algebra L{A{X, p), 7/). AsTL is obtained from 
TL as a quotient of an ideal not generated exclusively by (skew-)primitive 
elements, we thus need to prepare the setting accordingly, cf. (the proof of) 
Proposition 13.31 (a). 

For each m > 1, consider the m-adic approximation 5Sm(R) to 5S(R). 
This is the quotient oi T{V) by relations (II.3p and (II.4p together with 

(5.15) xfki)^ 1 < I — k < m. 

Thus, we obtain a family of cleft objects Am{X, for TLm = 
given by the quotient of T{V) by relations (j5.1l) for each together with 

y{ki)-y(ki), i<i-k<m. 

Here A = {Xupij satisfies (15.21) and = {yi[ki))k<i satisfies (I5.12p . 

Now, fix A, and set Am = Am{X,pim)- Let Cm{X, := L{Am,'Hni)- 
Notice that Cq = L. We keep the name b : Am —>■ Bm®Am for the coaction 
at each level. Thus TLm+i = klm/Im+i is such that Im+i is generated by 
skew primitive elements [ASip Remark 6.10]. Hence, by Proposition 13.31 
Cm+i is the quotient of Cm by the ideal generated by 

(5-16) - M(fcZ)(l - 5ffc,o), 

where, according to (13.71) . the deforming elements cr^^ki) are defined by: 

(5.17) (g) 1 - 6{y(ki)f = (^(ki) ® 1- 

We give a description of these elements in Proposition 15.221 

In this way we obtain a description of the full algebra C = L(.4.(A, p), 7/) 
in the final step of this procedure. We further normalize p by 

(5.18) /i(fc0 = 0 \ig%i) = L 

We illustrate this situation in the following two examples. 
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Example 5.18. L\ is the quotient of T{V) by relations (I5.13|) and 

= ^^(k){^-9l)■ 

In particular, cr(^kk) = 0, A; G I. 

Proof. Let m = 0. The elements yf, generating Ii, satisfy: 

SiVkf = al(^l +gl(g)yl. 

Hence U(;j) = 0 and the statement follows. □ 

The following example contains the spirit of our computations ahead. 
Example 5.19. C ,2 is the quotient of T{V) by relations (|5.13l) and 
flfc = -S'!), ^<k<e- 

3 3 3 3 3 3 3 

^kk+l ~ “ 9k9k+l) ~ 9(k+l)9{k){^ ~ 0 Xk{9k+l) (1 ~ 9k)9k+l 

— Afcfc+ifc+iAfcfcfc+iC^Cl — 9k9k+i)9k9k+i 1 < A; < 6*. 

Proof. Set m = 1. We have already described Ci in Example 15.181 We need 
to compute the elements U(fc k < 0. It will be enough to understand 
SiVuf- Set 

H = 012 0 1, B = gi2®yi2, C = aig2®y2, 

so that S{yi 2 ) = A + B + {\ — f‘^)C. As before, we focus on the terms in 
which a factor A*** may appear. These are related with two possible facts; 

(1) Fact A: ai appears to the left of ai 2 , that is; 

CAB, CBA, BCA, CAA, ACA, CAC, CCA. 

(2) Fact B: yi 2 appears to the left of y 2 , that is: 

ABC, BAC, BCA, BCB, BBC, BCC, CBC. 

We have 

CAB = 0152012512 0 92912 = Xl2(52)aiai25l22 0 92912 
^ 112?^(1 — 5122)5122 0 52512 ; 

CBA Aii2(1 — 5122)5122 0 52512 ; 

BCA = Xi( 52)010125122 0 52512 + Ai 22 ^^aiai 25 i 22 0 1 

'^ 112?(1 — 5112)5122 0 52512 + Ai 22 ^ai 20 i 5 i 22 0 1 
+ ^ 122 ^ 112^^(1 — 5112)5122 0 1; 

CAA = X12(5i)^OiOi252 0 52 Aii 2 (l + ^)oi 2 (l — 5112 ) 0 52 ; 

ACA = Xl2(52)oi2aiOi252 0 52 Aii 2 '^^Oi 2 (l — 5112 ) 0 92] 

CAC = X112(52)oiOi20i5| 0 52 Aii 20 i(l — 5112)52 ® 92] 

CCA = Xii2(52)xi2(52)aiOi252 0 52 Aii 2 (^ + ^^)oi(l — 5112)52 ® 52- 
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On the other hand, we get 

ABC = Xi(512)012015122 ® 51252 Ai22?^oi2ai5i22 ® 1; 

BAC ^ Ai220i20i(7i22 ® 1; 

BCB = Xi( 512)015122512 ® 51252512 Ai 22 ?^ai 5 i 225 i 2 <8) 52 ; 

BBC = Xl( 512)^015122512 o 5 i252 Ai22(1 + 0oi5l225l2 <?> 512 ; 

BCC = Xi(5i22)xi(5i2)ai512252 ® 51252 Ai22(? + C^)of512252 ^ 52; 

CBC = Ai220i5i 2252 O 52- 
Hence, 

CAB + CBA + BCA A122C012015122 ® 1 + Ai22Aii2C^(l ~ 5112)5122 1 

and CAA + HCH ^ 0, CAC + CCH ^ 0. Also, we have 

ABC + BAC ^ (1 + ^^)Ai220i20i5i22 1; 

BCB + BBC 0, HCC + CHC 0. 

Therefore, 

5(512 )^ = 0^2 <8) 1 + 5i2 5i 2 + (1 - 0^Ti(52)^of5i 

+ Ai 22 Aii 2 C ^(1 — 5112)5122 ® 1 

= a?2 <8) 1 + 5?2 5?2 + 5{2)5 (i)( 1 - 0^Xi(52)^(l - 5?)5i 1 

+ Ai22Aii2C^(1 — 5112)5122 ® 1- 

In particular, as 51X1(52)^ = 1, 

^(1,2) = “5(2)5(i)(1 “ 0^(1 “ 5i)52 “ C^Ai22Aii 2(1 - 5i52)5152- 
The statement follows. □ 

Remark 5.20. When 9 = 2, then C 2 as in Example 15.191 is a lifting of type 
A2. It coincides with the liftings found in |BDR] for this type. 

5.3. The deforming elements. The expressions for both (T(j) := and 
0(ii+i) follow from Examples 15.181 and 15.191 Namely, 

cr(j) =0, Z G I, 

o(ii+i) = -Ai(i+i)5(i)(i - 0^Xi(5i+i)^(i - ghahi 

Ajj+ij+1 Ajjj+1^ (1 5i 5j+i)5i5i+i) i < 5 G I. 

Eor the general case of z, / G I, we proceed in a similar fashion. 

We first define U(j;)(/.i) and hii{\) in kT. We set U(jj) = 0, and, recursively, 

(5.19) U(,i)(/x) = - (^p5(p+io(^Op)+^0p)( 1-5(^p)))5S+iz)- 

i<p<l 

Now, we set ha^X) = hii+i{X) = 0 and, for Z > i + 2, 

(5.20) hii{\) = 9/i(^j^2 o^**+i*+i^***+i (^ 5iM+i)5M+ii+i5(j+2 0 ■ 
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Next, for i < p < I, we set q = p + 1, r = p-\-2 and consider the following 
elements in T{V)i^H: 

(5.21) (A,/i.) ^qrr(^C q)^(ir) ~Kri,9{lp)^^(ip)^{ir)^{i q) 

Let US fix Sp = —3(1 — p < I — 2, si -2 = 1, and set 

dil{p) X(i q)i9(q l)9{r+l l)')X.{ip)i9(r+l l)')^P' 

Finally, we consider: 

(5.22) Q;(A,/x) = -3^^ f^{p+3l)Xr{9(p+3l))dil{p)‘^i{^,fJ-)9qrr9fp+3l)- 

i<p<l 

Recall that 5 (^+ 1 ;) = 1; also we set P(i+ii) '■= 1. 

Remark 5.21. Observe that nor ?^(A,/x) neither ?j;(A,/x) are expressed in 
the PBW basis. This is an arduous computation that we perform in full 
generality in ^5.31 see Corollary 15.271 for a complete answer. 

Proposition 5.22. Leti,l be as above. Then 

(5-23) cr(i/)(A,p) = U(ii)(p) + hii{X) + ?i/(A,p). 

See below for a proof. As a result, we have the following. 

Theorem 5.23. The Hopf algebra L{A{X, n),TL) := C{X,fj,) is the quotient 
ofT{V) by relations (I5.13P and 

4o = - 9fii)) + r), 

for a^ii'f{X, fi) as in (|5.23l) . 

Proof. Follows by Proposition 13.31 fcl. see (|5.16l) . □ 

See Example 15.251 below for a lifting of a concrete V. Next, we prove 
Proposition 15.221 

Proof. We take i = 1 to ease up the notation, so I > 3. Set 

A = 0(^)0!, R = 5(1 z) 2/(1 z), = a(ip)5(p+iz)'^2/(p+iz),l <P < ^ 

so (5(y(ii)) = A + B + {1 — ^^) X]i<p<z ^p- denote Xi := A, by 

identifying as usual 5(z+iz) := 1, 9 ( 1 + 11 ) ■= 1- Finally, set 

(5.24) crp:=cr(ip), l<p<L 

As in Example l5.19l we need to focus on the terms of (A+R+(l—^^) ^ XpY 
involving a factor A***, as by |ASll Remark 6.10] we have, for Cp as in (11.71) : 

(5.25) 5{yY) = a4)® ^ + 

+ Y Cp^\ip)9lp+ii)®ylp+ii) 

l<p<Z 
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+ terms involving a factor A***. 

Combining this with the recursive deformation procedure following Ml 
Corollary 5.12], i.e. we assume = fJ-(p+ii), we obtain 

(5.26) ai = (|5.19l) — terms involving a factor A***. 

As in Proposition 15.131 we consider the cases (here we need to distinguish 
a factor A from a factor Xp, identified previously): 

(LI) For every p < q, terms XYZ involving X,Y,Z G {B,Xp,Xq}, all 
different, Xp to the left of Xg. 

(L2) For every pair p < q, terms XYZ involving X,Y, Z G {Xp, Xg}, not 
all equal and with a factor Xp to the left of Xg. 

(L3) For every triple p < q < r, terms XYZ involving distinct X,Y,Z G 

{Xp, Xg, Xr} and with Xp to the left of Xg or X^ or with Xg to the 

left of Xr- 

However, as Example 15.191 illustrates, we also need to consider: 

(L4) Terms ABXp and BAXp, 1 < p < 1. 

(L5) Terms BXpB and BBXp, 1 < p < 1. 

(L6) Terms BXgXp and XgBXp, 1 < p < q < 1. 

Remark 5.24. In cases (LI) and (L2) it is enough to consider q < I, as a 
factor Xi = A will not contribute to ai. Case (L3) is different, and we will 
take this difference into account: the main difference lays in the fact that 
the factors Xi -unlike Xp, p < I- are not multiplied by (1 — ^^). Hence 
commutativity computations follow rather smoothly, and we only have to 
recall this in the final expression. 


Claim 5.1. Cases (L4), (L5) and (L6) do not contribute to u;. 

These cases easily follow from Lemmas 15.41 and 15.91 In (L4) we have 
BAXp = ^ABXp and: 


BAXn ABXn 


In (L5) we get: 


0 , 


p>l; 


BXpB 


BBXp 


3C^Ai22Ai2(5'{io)®(iO“i5'{iOfi'(20 P — 


p > I; 


-3Ai22Al2(5(lo)oi5{205(lZ) P = 


= I. 


0 , 


3Ai22Xi2(5'(iz))aifi'(2/)5'(^ii) C) p — 


p > 1; 
= 1 . 


In particular, BXpB + BBXp 0. For (L6), as g -|- 1 > 3, 

0, p>l; 

-3CAi22X12(5'(1 l))xi{9{q+l Z))a(l 5)013(1 l)9{q+l 1)9{2 1) 

®3(5+i 02/(3 0 P=l- 


BXqXp < 
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XqBXp < 


0 , 

-3Ai22X12(5'(1 l))xii9{q+l o)®(l q)(^l9{q+l 1)9(11)9(2 1) 

^y(q+l 1)9^31), 


p>l; 
p = l. 


Hence XqBXp = ^BXqXp. In particular, they do not contribute to ai and 
the claim follows. 

We deal with cases (LI), (L2), (L3) using the identities developed in 35.41 
We need to take into account Equation ()5.35l) . 


Claim 5.2. Case (LI) contributes to ai with (15.2011 . 


We have to analyze terms BXpXq, XpBXq, XpXqB, p < q. Now, ifp > 1, 
as [y(ii),y(p+ii)]c = [y(ii),y(q+ii)]c = o it follows 


HP’'' := BXpXq + XpBXq + XpXqB 

= (1 + C + i^)X(l q){9p+ll)o>(lp)a(l q)g(p+ll)g(q+ll)g(ll) 

® y(p+u)y(q+ii)y(ii) = o. 

If p = 1, then still {y(ii)-,y(q+ii)\c = 0asg + l>3 and using Lemma [53] to 
compute [y(ii),y( 2 i)]c we get: 

Hi’" := BXpXq + XpBXq + XpXqB 

^ -3Ai22X12 (5(1 l))X(l q) (5(1 1) )X (1 q) (5(2 Z) )oiO(i 5 ) 5(2 Z)5(g+1 Z)5(l 1) 

^yf3i)y{q+ii)- 

Hence, as Ai22[5(3Z),5(g+io]c = 0, g > 2: 




-3^Ai22All2(l - 5112)5(1 Z)5(2/)5(3/) ® 9(31)^ 

< 3(1 - 0-^122All2Xl2(5(3Z))a(3g)5(lZ)5(2Z)5(Q+lZ) 

^y(q+ii)y(3i)^ 


5 = 2; 
5 > 3. 


Notice that in this way B^’^ will contribute to ai, as by the induction process 
we have 9 ^ 31 ^ = h( 3 Z )5 that is we get a term (15.2011 . 


Claim 5.3. Case (L2) does not contribute to ai. 


We have to deal with terms XpX"^, XqXpXq, XpXqXp and XpXq. Ac¬ 
cording to (|5.35p . we have to distinguish cases 
(L2i) p -|- 1 < 5 < /, 

(L2ii) p-|-l = 5 </ — 1, 

(L2iii) p + l = q = l — 1. 

In case (L2i) we have 

2 / 2 A 2 2 2 

^P^q = X(lq){g(q+ll)9(p+ll))0.(lp)0'(lq)9(q+ll)g(p+ll) ® 9(p+11)9(q+l 1) 

— X(lq){9(q+ll))X(ll){9(p+ll)) a(lp)®(l (j) 5{5+1/)5(p+l/) ® 9(q1)9(p+ll) 
which does not contribute to u^. For (L2ii): 

^P^q A((l g) (5{g+l /)5(p+l Z))X(1 1) {9(p+l Z))®(1 p)®(l g)5(5+l /)5(p+l 1) 
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y{q+ii)[y{p+ii)^y{q+ii)]c 
+ X(lq) { 9 iq+l l) 9 {p+l o)®(l P )®(1 q) 9 fq+l l) 9 ip+l 1 ) 

® [y{p+ii)^y(q+ii)]cy{q+ii) 

= - 3 ^^ Ap+ip+ 2 p+ 2 X(p+ 2 1 ) { 9 {p+ 2 , 1 ) )a:(i p+ 1 ) { 9 {p+ 21 ) 9 (p +1 o)X(i i) { 9 (p+i i )) 

^i^p)^‘tip+i)9fp+2i)9{p+ii) y(p+2i)yfp+3i) 

- 3 ^^ Ap+ip+2p+2X(p+20 {9{p+3 1 ))X (1 P+1) {9(p+ 2I)9{p+ii)) 

^{ip)^{ip+i)9(p+2i)9{p+ii) y(p+3i)y{p+2i) 

and we see that this does not contribute to , using Lemma 15.11 to deduce 
Ap+ip+ 2 p+ 2 [y(p +2 0 !y(p+ 3 /)]c = 0. The same holds for (L2iii), as in this case: 

XpX^ Xi-iiiil + f)X(ii-i)i9fi-ii)9i)a{ii-2)a‘fii-i)9f9{i-ii)<^yi- 

The same holds for the combinations XqXpXq, XpXqXp and X^Xq. 

Claim 5.4. If p < 3, then case (L3) does not contribute to ai. 

If p>3, then case (L3) contributes to ai with (I5.2ip . 


Here we deal with terms XpXqX^, XpXrXq, XqXj-Xp, X^XpXq, XqXpXj., 
p < q < r < I, which we denote by x,y,z G {p,q,r}- By the 

computations above and the commutation rule (15.351) we see that we will 
get a factor contributing to <7/ if and only if 


q=p+l, 


r = p + 2, 


and p is on the left of q. 

Thus we are left with cases ^ (jp,r,q^ (jr,p,q^ q = p + 1, r = p + 2. Set: 


(5.27) 


{ -3Ap+ip+2p+2Xp+2(5'(p+3/))/^(p+3 0> P < ^ - 3 

^p+lp+ 2 p+ 2 ) P = I — 2. 


Then, for each of these terms, the corresponding factor in k that arises in 
the second tensorand {x{i+ii) ■= e) is: 


cp,r,q CpXir+llMp+ll)), C 


r,p,q 


-4 C„ 


Set, with the convention, for the case r = I, = 1, X{i+ii) = 

(5.28) 0 Jx,y,z X (1 z)i 9 (y+l l) 9 {x+l 1 )')X {1 y)i 9 {x+l 1 )} j X,y,Z G 
Set also, 9 p,q,r 9 {p+ii) 9 {p+ 2 i) 9 {p+ 3 i) let us set: 


(5.29) 

Set, cf. Remark 15.241 

(5.30) Hp = 


(^p,q,r •— R(lp)®(l 5)®(1 r)! 


^p,r,q ■— ®(lp)R(l r) 0 (l q)) 


0 'r,p,q ■— R(lr)R(lp)®(l q)- 


(l-a3 = 3(e-e2), p<l-2 -, 

{i-e? = -3e, p=i- 2 , 
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Hence the contribution of these terms to ai is 
(5.31) Cp^pi^p,q,r<lp,q,r ^p,r,qX{p+3l)i9{ql))'^p,r,q 
Notice that 


+ Ulr 


9p,q,r- 


CpUJp^q^'P 

Cpi0p^r,qX{p+3 1) {9{q 1 )) 

CpUJf^p^q 

Set 


('P^ ^(1 <?) i9{p+l i))x(l g) {9(r+l l))x{lp) {9(r+l 1)) 

^pX{l q) {9{p+l l)')X{lq) {9(r+l l))X{lp) (fl'(r+l l))Xr{9{l p)) 
CpX(l q) (fl'(p+l l))x{lq) {9{r+l l))X{lp) {9(r+l Z) )• 


(5.32) 


_ J ^9'{p+3l)X(lq)i9qr)Xqqr{9{r+ll))i P^l 2; 

^ \x{lq){9(ql)), P = l-‘^, 


and dp = Xq^rdp- Observe that 


q) {9{p+l Z))x(l q) {9{r+l Z))X(lp) {9{r+l 1)) dp. 
To see this, we use the identity 


9{p+3l)^qrrX{l q)i9(ql))X{l r) i9(r+l Z))X(1 p) i9{r+l /)) 

~ P{p+3l)\rrX{lp){9{r+ll)) X(1 q){9qr)Xqqr{9{r+l 1)) 

and P^p-\-3l'jXqrrX(lp){.9[r+ll)) P{p+3l)^qrrX[r+ll)i.9(lp)') 9{p+3l)' 

Hence ()5.3ip becomes 

dp^pi^ ^p,q,r T Xr{9[lp))(^p,r,q T CLr,p,q^ 9p,q,r — dp^p<i^ gp^q^r ■ 

Adding all of these terms and reordering the scalars, we get (|5.22l) . 

Finally, adding all of these contributions, we obtain (T(j;)(A, p.) as in (I5.23P 
and the proposition follows. □ 

Example 5.25. Set 0 = 5, so I = I 5 and consider the braiding matrix 

/5 ? 1 1 1 
( C ? 1 1 

q = 1 1 e 1 1 

I 1 U" « « 

\i 1 1 «« 

Set G = n > 2, so G is an abelian group such that V G hT’T’, 

H = kG. Indeed, let gi, i € I, the generators of each cyclic factor. Let 
q G with q"' = Observe that G is generated by i G I, with 
Pi{9i) = 0 . Pi{9j) = 1 ) * 7 ^ J £ I- A principal realization is given by 
((5i,Xi))igp for = X2 = X4 = X5 = and X3 = ^ 

particular xii 2 = X 455 = e- 

Let us choose A such that all Xuj = 0 except A 112 , A 455 . Choose pi with 
P(ki) = 0 for every 1 < A: < / < 5. Then T(A, p) is the algebra generated by 
r and oi,..., 05 satisfying: 

flife = 0 , \i — k[> 1 , ^\ki) = 0 ) \ k — I \< 4:, 
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Aii2(1-5152), i = l,j = 2, 

< A455(1 - 545i), * = 4,5=5, |i-j|=l, 

0 , else, 

9 A 112 A 455 ^ (-l)'‘^'/lf7,ia(3cr(5))0(2f7(4))«(l(T(3))5455- 
o-GSs 


The scalars ha^i £ k^, cr € S 3 , are as in Corollary 15.271 and can be explicitly 
computed from the matrix q. 


Remark 5.26. If 0 > 4, then the relations of the Nichols algebra iB(y) 
become deformed in the lifting C by elements in the group algebra kT < 
as in the case ord(^) > 3 of [MI], as Lemma l5.ll only allows a single pair 
{Xkkk+i, ^kk+ik+i) to haye a nonzero entry. If 5 > 5 the relations may be 
deformed in higher strata of the coradical filtration, as in Example 15.251 

Now, we giye a full description of (A, fi), cf. ()5.21h . as a linear combina¬ 
tion in the PBW basis. We set q = p+1, r = p + 2 and j = i + 1, k = i + 2. 
We consider the action of §3 on {r,q,p} by 

(12)(r)=g, {23)iq)=p. 


Corollary 5.27. If p- 

= -3A 

(5.33) 


= i, j, then (;f {X, fi) = 0. When p> i + 2, 

qrrXqqrX{ip) iSq)(’'[ip)Sqqr 

— SXqrrXiij ^^(“1)^ ^ cr(p))0(j (T((j))fl(i a-(r)) • 


(Tg§3 


for hcj,i £ k, (7 £ S 3 , given by: 

h\d,i = f,Xqqri9{ip))X{ir){9(j q))i ^( 12 ), i = (? “ I)Xqqr{9{ip))Xii9(k q)) ^ 

^(23),i f,Xr{,9i)Xi{.9{j p)^ j ^(13),i ^)X(kp)(^9ij')j 

^( 123 ), i ‘2‘Xri9{i p)}Xii9{k p)) 1 ^( 132 ), i f X(k q)^9 {i r)^X{j p){.9r) ■ 


Proof. First, we show that ?^(A,/r) equals 

(5.34) Xqrrf, ^[ip)[^(i q) W{ir)]c Xq^r ? ) [^(2 p) ; r)]c^(i g) • 

In particular, by Lemma [5Jl and Corollary 15.331 we have /x) = 0 

if p — i < 3. Hence = 0. Indeed, it follows that: 

^^(A,/x) ^qrr^p\{iq)i^9{ip)) ^{ir)^(iq)^{ip) 

+ \qrr X (2 r) {.9{i q)9{ip )) ^ X.r{^9{ip))\(i r) (.9{ip)')^ r) [^{ip) ’ g)]*^ 

+ C ^qrr^(ip)[^[i q)^ ^(ir)]c 

Xqrr ^Xp+ 2 {9(ip)') C X{i r) {.9{i g) r)]c^(i q) : 

for (Xp 1 + ^ X(ir)(9(iq)9(ip)) “1“ Xp-h2(9(ip))X(ir)(9(ip))• Notice that o^p 
1 + CXr(9q)Xqrr(9(ip)) + iXqrr(9(ip)) and thuS it folloWS that XqrrO^p = 0 aS 
XqrrXqrr = Xqrr^^ XqrrXr{9q) = Xqrr^ and 1 + ^ = 0. On the other hand, 
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we use \rrX{ir){g{iq)) = \rr^^Xr{g{ip)) to simplify the coefficients of third 
and fourth summands. As for the second, we have 

^qrrX{ir)ig{i g)g{i p)) ^qrr^ Xr{g(ip)')X(ir){g{ip)') 

— ^qrrXr{g(ip))Xqr{g{ip)) — ^qrr- 

Also, ^qrrXrig{ip))X(ir)ig{ip)) ~ ^qrr^Xqrrig[ip)) — ^qrr and thuS the Coeffi¬ 
cient is Xqrr (1 ^ = 0. Hence, we have (j5.34p . 

Next we show (j5.33l) . using Proposition 15.371 We have; 

^qrrXq{9{ip)){^ ? Xqrr{9{ip)) “1“ ^)^{ir)^{iq)^{ip) 

\qrX{i r) p)gqqr 

3^Ag(7*7- Xqqr {9{i p)')X(i r) i9{j q)')^{k r)^{j q)^{ip) 

^iij (^Xqqr{g(ip))X{k r) {g{j q))X{j p) {g{i q)) 

A ^X(ir) ig{j p))Xr (g(ip))^ ®(fc r)^{j p)(^(i q) 

+ 3^ XqrrXiijXqqr{g(ip))Xi{g{k q))(^{k q)(^(j r)^(ip) 

— 3^ Xiij\qrr(^X{k q){g{ir))X{j p){gr) 

~ ‘^X{iq)ig{j p)) 

X{i r) ig{i p))X(k q) (l7(i r)')Xr {gi)^ ^(k q)^{j p)^(i r) 

+ 3^ XqrrXiij ^X{kp)igij)Xr{g{i q)) 

A CXi ig{k p))Xr ig(ip)')^ r)^(i q) 

+ 3^ XqrrXiij^(l—^ )X{kp){gij) 

A ^Xr{g(ip)')Xiig(kp))X(iq) {.gr} 

A ^X{kp) (.g{j r)')X{j q) {.g(i r) ^{kp)^{j q)^(i r) • 

First, Agrr(l + Xqrr {g (ip)) + 0 = \rr(l + + 0 = 0- Next, observe that 

Xqrr Xu j (^Xqqrig(ip))X(kr) (^(j q))X(j p) (5(i g)) A ^X(ir) (5(j p))Xr (^(i p))^ 

= XqrrXiij^ Xrigi)Xiig(j p)) (pCq{giij)X(k p)igiij) + 

= XqrrXiij^ Xr{gi)Xi{g{j p)){C “t" 1) ~ ~^qrrXiijXr{gi)Xiig(jp))- 

Similarly, 

XiijXqrr (^X(k q) ig(i r))X(j p) (^r) A X(ir) ig(i p))X(k q) {.g(i r))Xr (.gi) 

‘^X(i q)ig(j p))^ ^iij ^qrrX(k q)(^g{ir))X(j p)igr) “1“^ 

= XiijXqrrX(kq){g(ir))X{j p){gr){^ ~ O' 
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Also, we have 

^qrr^iij (^X(kp){9ij)Xri9{i q)) ^Xii9(kp))Xr{9(ip))^ 

‘^^qrr ^iij^Xr {.9(ip))Xi {9(k p )) * 

Finally, 

Xqrr^iij ^(1 ^ ^X{kp)i.9ij^ CXr{9(ip)^Xii9{kp)')X{iq){9r') 

“t“ ^X{kp)i.9{j r))X(j q){9{ir))^ XqrrXiijX(kp){9ij^{^ ) 

Thus, we have 

^^(A,/x) ^^Xqj^j^Xqq^X(ir){9q)^(^ip'j9qqr 

^^XqrrXiijXqqr {9{ip)^X(i r) (.9{j q)')^{k r) ^{j q)^(ip) 

“h S^AgT'T’ ^iijXri9i)Xii9(j p))^(k r)0‘[j p)Oi[i q) 

~ 3(1 “ ^ )^qrr^iijXqqr{9{ip))Xi{9(kq))(^{kq)^(j r)(^{ip) 

-se ^iij ^qrrX{k q) {9(i r))X(j p) i9r)0'(k q)^(j p)^{i r) 

“h GXqrr ■^iijXr (9(ip) )Xi i.9{k p) ')^{kp)^{j r)^{i q) 

— 3^(2 — C)Xqrr^iijX{kp){9ij)(^{kp)(^{j q)(^{ir)- 

Hence the lemma follows by defining the scalars appropriately. □ 

5.4. Technical identities. To compute the elements ?(j;) in (j5.22p in the 
PBW basis, we need a large series of technical identities involving commu¬ 
tators. This is the content of this section. 


Lemma 5.28. The following identities hold in C. 


(V [a(lZ)!«2]c 


Ai 22(1 — (,^)X2{93)a3 — ^ 223(1 — '^^)aiS'223; 
^ 122(1 - C^)X2(fl'(3o)«(3Z)! 


(2) [a(n),ap]c = 0, 3 < p < / - 1. 

(3) [a(n),a(pfc)]c = 0, 3 <p < k <l - 1. 

(4) [a(lZ)!«/-l]c = - C^)a(i/_2)5i-li-li- 

(^) [a(iz)!«/]c = 1-2)91-111- 


I = 3; 
I > 4. 


Proof. (1) Case I = 3 follows once again mimicking |AS1[ Lemma 1.11] as 
in Lemma 15.41 The general case I > 4 follows as in Lemma 15.41 in this 
situation, if A 223 7 ^ 0, then A 122 = 0 by Lemma ET] and 

[«(!/)) «2]c = -A223(1 - C^)X(4o(fl'23)[ai!a(4o]c5223 = 0, 

using q-Jacobi (12.2p . For (2), first we have that 


[®(iz))®p]c — , n(p+2 i)]c) Rpjc — Xp(5'(p+2/)) [®(lp+l)) ®p]cO(p+2 p 

- X(p+2 1) (5(1 P+1) )«(p+2 1) [«(1 P+1)) «p]c- 

Now, by (1), Appp-i-iXppp+i — Appp^ie and [n(ip— 2 );®p]c — Oj 

[®(1 p+l) ) ®p]c = [^'(Ip—2); [®(p—Ip+l); Opjcjc 
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— -^ppp+l(l C ) [®(lp—2)) l9ppp+l]c 

^ppp+lO- ^ 2)®p—l5ppp+l 

“ Xp—i{9(ip—2))^p—i9ppp+i^{ip—2)^ 

— ~^ppp+i(l “ C )®(ip—i)5ppp+i) 

as Xppp+iX{ip-2){9ppp+i) = Appp+i. In particular, this shows (4) forp = l-l. 
Now, if p < ^ — 1 we get 

['^(iz))®p]c = “Appp-|_i(l — ^ )Xp{9{p+2i)){^{ip—i)9ppp+i^{p+2i) 

- X{p+2i){9p)X{p+2i){9{ip+i))a{p+2i)a{ip-i)9ppp+i) 

= “Appp+i(l — ^ )Xpi9{p+2i))X(p+2i)i9ppp+i) 

[^{lp—l)i^{p+2l)]c9ppp+l — 0- 

(3) follows from (2) by induction. For (5), we get, as Az_izzxz-izz = 

[“(iz))«z]c = [[«(iz-2)) «z-iz]c, az]c = ^i-iiiiX{ii-2)i9i-iii) - ^)aii-29i-iii 
and since 

^- 111 X 11 - 2 ( 91 - 111 ) = M-illX(il-2){9l-ill)xl-illigiil-2)) = h-illi^ 
the lemma follows. □ 


Remark 5.29. As [a 2 ,a(i 3 )]c = -X(i 3 )( 52 )[a(i 3 ),« 2 ]c, we get 

[«2, 0(13)]c = Ai22(1 — 0«3 — ^ 223 X 1 ( 92 ) (^“^ — 0^19223- 


Lemma 5.30. The following identities hold in C. 


(V [0(lZ))'^(3p)]c — 
(^) [o(iz), a(3Z)]c = 


(3) [«(iz)) «(3Z-l)]c 


[«(3p)>«(lZ)]c = 0, 3<P</-1. 

—Az-izz(l — f)a(ii-i)gi-iu 

+3k-iiiXi-i(9{ii-2))ai-ia(^ii_2)gi-iii. 
—^334(1 — ?^)ai25334, I = 4:, 


= 


3?^ Az_u_uX(3 1 - 2 ) ( 9 ( 11 )) 


®(3Z-2)0(1Z-2)9Z-1Z-1Z) ^ > 5. 


Proof. (1) follows by induction on p and using q-Jacobi (12.2p . case p = 3 
being Lemma 15.281 (2). 

(2) Using q-Jacobi (12.21) and Lemma 15.281 ('4-5L we have 
[«(iz);a(3Z)]c = [[a(iz), az-i]c, az]c + Xz-i(fl'(iz))«z-i[a(iz), oz]c 

— Xz(5z-l)[«(iz)) 0/]ca/_i = —A;_i;_i;(l — [a(i ;_2) , az]c5Z-lZ-lZ 

— Az_izz(l — 0«(iz-i)fl'z-izz + 3 A/_i//xz-i( 9 (iz- 2 ))«z-ia(iz- 2 )fl'z-izz- 

(3) Case / = 4 is Lemma 15.281 (1), using q-Jacobi (12.21) . 

Now, if / > 5, using q-Jacobi (j2.2p . item (1) and Lemma 15.281 (4) we get 

[a(lZ))«(3Z-l)]c = -A/_1/_1/(1 - 0xz-l(5(3z-2))[a(iz-2)j «(3Z-2)]cffZ-lZ-lZ 
- Ai_u_u(l - ^^)^X(3Z-2)(5(lZ))0(3Z-2)«(lZ-2)fl'Z-lZ-lZ- 
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Hence (3) follows using (2) and Ai_ii_iiAi_ 3 i_ 2 i -2 = 0. Also, we use the fact 
that Az_u_uXi-i(9(3Z-2)) = k-ii-iiCX{3i-2){9i-u)- C 

Lemma 5.31. The following identities hold in C. 

( 1 ) [oi,ai2]c = Aii2(1 — 9112)- 

(2) [ai,a(n)]c = Aii2(1 - I > 3. 

(3) [ai2, 0(13)]c = —3^^Aii2X(13)(52)a3«2 + Aii2(l — 0®23 

— 3A223^X1 ( 52 ) 015223 - 

(4) [0(12))0(l«)]c = -3^^Aii2X(io(52)a(3Z)02 + Aii2(1 - Oo(20j ^ 

Proof. (1) is by definition. For ([2|), we have 

[oi)0(iz)]c = [oi, [ai2, a(3Z)]c]c = Aii2(l - C^)a(3Z) 

- A 112 (5ii2a(3Z) - X(3Z)(5ii2)a(3Z)5ii2) = Aii2(l - C^)a(3Z)- 

Q and ([4]) follow as in Lemma 15.111 In this case, when I = 3 and extra 
term involving 0^5223 arises, which gets killed for bigger 1. □ 

Proposition 5.32. The following identities hold in C. 

(1) For 2> <p <l — 1: 

[a(ip),a(iz)]c = -3C^Aii2X(iz)(5(2p))o(3Z)0(2p) + 3Aii2Xi(5(3p))o(3p)0(2Z)- 

(2) For I > 5, 

[o(iz-i))0(iz)]c = -3C^X(iz)(5z-i)Az-iz-iza^ii_2)5z-iz-iz 

- 3^^Aii2X(1Z)(5(2Z-1))0(3Z)0(2Z-1) + 3Aii2Xi(5(3Z-1))0(3Z-1)0(2Z)- 
Proof. ([I]) We use q-Jacobi (12.21) and Lemma [5.301 (ll to get 

[a(ip),a(iz)]c = X(iz)(5(3p))[o(i2)>0(iz)]ca(3p) - X(3p)(5i2)a(3p)[a(i2),a(ij)]c. 
[ 0 ( 12 )) 0(1 Z)]ca( 3 p) = -3 ^^Aii2X(1Z)( 52 ) 0 ( 3 Z)020(3p) + Ai 12(1 - 0o(2Z)O(3p) 

= - 3 ^^Aii 2 X(lZ)( 52 )(^ 0 ( 3 ;)a( 2 p) + A(3p) (52)0(3 Z)0(3p)a2^ 

+ Aii 2(1 - 0X(3p)(5(2Z))o(3p)O(2Z)) 
as A 112 A 223 = 0. We arrive to ([I|) using A 112 A 334 = 0: 

0(3p)[0(12)) 0(lZ)]c = —3.CAii2X(3Z)(5(2p))0(3Z)0(3p)a2 + Aii2(l — 0o(3p)O(2Z)- 

([2]) We have, using q-Jacobi (12.2p . 

[0(1Z-I),0(ii)]c = [[0(ii_2), Oi_i]c, 0(i/)]c = [o(i;_2), [oi_i, «(! ;)]c]c 

+ X(i z) (5z-i) ([o(i 1 - 2 )) 0(1 i)]cai-i — Xz -1 (5(1 z)5(i z- 2 ))oz-i [o(i 1 - 2 ), 0 (i /)]c). 
Now, by Lemma [5.281 (4), 

[oz-i,0(ii)]c = -X(iz)(5z-i)[o(iz),Oi_i]c 

= Az_iz_iz(l - C^)x(iz)(5z-i)o(i/_2)5z-iz-iz- 
Hence, [o(i;_ 2 ), [ai-i,a)ii)]c]c = —Sf‘^X{ii){9i-i)^i-ii-iiO'fii-2)9i-ii-ii- 
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On the other hand, we have that, by item ([T]) . 

Xi-i{g{i 1)5(1 l- 2 ))(^l-l [«(1 1 - 2 )) 0(1 l)]c 

= —3^^Aii2X(iz)(5(2Z-2))XZ-l(5(li)5(li-2))Oi-lO(3 0“(2«-2) 
+ 3 A 112 X 1 (5(3 z_ 2 ))Xi-l (5(1 i)5(lZ-2))Oi-lO(3 1 - 2 ) 0 ( 21 ) • 

Now, by Lemma 15.281 

[0(l/-2))0(lZ)]c0Z-l = —3^^Aii2X(l/)(5(2i-2))0(3Z)a(2i-2)0/-l 

+ 3 A 112 XI (5(3 /- 2 ) )o(3 /- 2 ) 0(2 Z)OZ-l 
= —3^^Aii2X(l/)(5(2i-2))o(3/)a(2/_l) 

— 3.^^ Aii 2 X (1 1 ) (5(2 z- 2 ))xz-l (5(2 l-2))0‘(3 l)ai-ia {2 1 - 2 ) 

- 3Aii2Az_iz_iz( 1 - ?^)xi(5(3/-2))o(3i-2)0(2/-2)5z-n-n 
+ 3 A 112 XI (5(3 /- 2 ))xz-l (5(2 0 )o(3 l- 2 ) 0 -l-l 0 ‘{ 21 ) 

= —3^^Aii2X(l/)(5(2«-2))o(3/)a(2/-l) 

+ 3.^Aii2Az_iz_iz(1 - ?^)Xi(5(2Z-2))0(3«-2)0(2/-2)5Z-R-R 

— 3.^^ Aii 2 X (1 1 ) (5(2 Z- 2 ) )xz-l (5(2 l-2))xi-l{9{3 Z) )oZ-lO (3 Z)a (2 1 - 2 ) 

- 3Aii2Az_iz_iz(1 - ?^)Xi(5(3Z-2))0(3Z-2)0(2Z-2)5Z-1Z-1Z 
+ 3Aii2Xi(5(3Z-2))XZ-i(5(2Z))0(3Z-1)0(2Z) 

+ 3 A 112 XI (5(3 Z- 2 ) )xz-l (5(2 1 ) )xz-l (5(3 Z- 2 ) )oZ-lO (3 /_ 2 ) 0(2 Z) 

Hence, using that Xz-i( 5 ii 2 ) = 1 and adding up the terms, we get (6). □ 

Notice that for 0 < p < q < I, Lemmas 15.91 ([I]) and 15.101 give: 


(5.35) 


[5(p+lZ)) y(q+ll)] 

'0, 

= 


3 Ap+ip+ 2 p+ 2 Xp +2 (5(p+3 Z) )5(p+3 1 )! 
Az-lZZ) 


p + 1 < q < 1; 
p+1 = q <1-1-, 
p+l = q = l-l. 


We iix q = p + 1, r = p + 2. Some of the identities computed in Lemma 
15.311 and Proposition 15.321 become simpler when multiplied by a factor Xgrr, 
using Lemma l5.ll This will be of great importance in the computations, as 
is a linear combination of the elements <;'P(A,/x) in (|5.21l) and each one 
of these terms is multiplied by Xgrr- 

We interpret these identities in the following corollary. 


Corollary 5.33. The following identities hold in C. 

(1) If p < 3, then 

Aqrr[o-(ip), a(ip+l)]c = [ll(lp)j ®(1 p+2)]c = -^grr[Q-(1 p+1); 0(1 p+2)]c = 0. 

(2) If 4: < s = p + l,p + 2, then 


Agrr[o(lp), 0(1 s)]c — 3^ ^112AqrrX(l s) (5(2p))o(3s)0(2p) 
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+ 3Aii2Agr.rXl(5(3p))«(3p)«(2s)- 

(3) If p > 3, then 

Agrr [®(1 q) )0'(l r)]c = ~‘^^qrrf, X{1 r){9q)^qqrO-(^i p'^dqqr 

- 3AqrrC^ Aii2X(1 r) {9(2 q) )a(3 r)a(2 q) 

+ 3A|jrr A112XI {9(3p))Xq {9(2 r) )X(1 r) (fl'q)®(3 g)®(2 r) ■ 

Proof. ( 1 ) follows using that A 233 A 112 = A 344 A 112 = 0 . 

(2) follows by Proposition 15.321 (fT|) using that Xqrr^ppp+i = 0 by Lemma 
15.11 (31 is precisely Proposition 15.321 (f2]l. □ 

In particular, Corollary 15.331 gives 

Corollary 5.34. Let p > 3. The following identities hold in C. 

(1) Agrr A 112 [ 0.(3 qr)) 0(3 r)]c — 3Aq^r A 112 Agqf ^ X(3r){9q)^{^p^9qqr ■ 

( 2 ) Agrr A112[o(3p)) 0(3r)]c = -^qrr A112[o(3p), 0(3q)]c = 0. 

Corollary 5.35. Let p > 3, s = q,r. The following identities hold in C. 

(1) -^112 Aqrr [o(i q), 0(3p)]c = Aii2Aqj.j.[fl(4 ffl(3p)]c = 0. 

(2) Aii 2 Aqj.,. [o(4 0(3 q)]c = 3Aii2Aqj.j.^ XqqrX(3p){9(lr))(^(3p)(^(lp)9qqr- 

(3) Aii 2 Aqr-^ [0(4 q), 0(3 = Aii2AqrrX(3q) (5(1 q)) (1 ~ C )'^(3 q)'^(l r) 

— 3Xii2XqrrXqqrX(3p) (5(1 q))0(3p)0(4 p)9qqr ■ 

(4) ^112Aqrr[0(4p), 0(3^)]c = ~A442Aqr.rX(3p)(512)(1 “ 0®(3p)O(l r) • 

Proof. (1) and (2) follow from Lemma [5.30l Also, q-Jacobi (12.21) and Lemma 
15.301 together with Lemma l5. II give: 

Ai 12 Aqrr [o(4 q), 0(3 = A442Aqyj.[0(4 qp [0(3 q), flj-JcJc 

= A442Aqf.j.[[a(4 q), 0(3q)]c, Oj.]c 

- A442AqrrXr(5(3q))0(4r)a(3q) + A442 AqrrX(3 q) (5(1 q) )o(3 q)a(4 r) 

“^112^qrrXr (5(3 q)) [®(1 r)) 0(3 q)]c 

+ A412AgrrX(3q)(5(lq))(l “ ?^)a(3 q)0(4 r) • 

Hence now (3) follows using (2). (4) follows by Corollary 15.341 (2), using 
q-Jacobi. □ 

Corollary 5.36. Let p > 3. The following identities hold in C. 

(1) If s = p,q,r, then 

All2Aqrr[0(4s), a(2p)]c = “3^^ A442 A422 AqrrX2 (5(3 s) )Q(3 s)0(3p) • 

( 2 ) 

All2Aqrr[0(4r.), a( 2 q)]c = “3^^A 442 A 422 Aqr-rX 2 (5(3r))0(3r)a(3q) 

+ 3A442Aqrr'C ^qqr’X(2p) (5(1 r))0(2p)0(4 p)5qqr• 
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( 3 ) 

^112^qrr [®(1 g) j ®(2 r)]c = ^^^112^122^qqr^qrrX2{9{3 q))X{3 r) i9q)^[3p^dqqr 

+ 3(1 + 0^112Al22AgrrX(2r)(5(3(j))fl(3r)O(3q) 

+ All2AgrrX(2q)(fl'(lg))(l “ ?^)a(2 g)0(l r) 

— 3Aii2AgrrA|jgrX(2p)(fl'{l q))^{2 p)^{l p)9qqr ■ 

(4) If s = q, r, then 

All2Agrr-[a(lp),a(2s)]c = -3^Aii2Ai22AgrrX2(fi'(2p))a(3s)a(3p) 

- Aii2AgrrX(2p)(5'i)(l - 0a(2p)a(is)- 

Proof. (1) follows by Lemmas l5.1115.281 (1) and 15.301 and Corollary 15.331 (IL 

1J.SG tllclt —Ip — ^QTT^p —Ipp — 

(2) We have, using q-Jacobi fl2.2jl : 

All2Agrr[fl(l r)! ®(2 5 )]c — A 112 Agyj., [0-2; 0.(3 g)]c]c 

Aii2Agr'r [[0(1 r)) ®2]c) 0(3 q)]c “1“ ^112l'qrrX2 (5(1 r)) (®2 [®(1 r)) ®(3 q)]c 

X(3q) (92)X(1 r) ( 52 ) [ 0 (l ; 0(3 g)]c 02 ) • 

Now, by Lemma 15.281 (1) and Corollary 15.341 

Ai 12 Aqrr [[o(i j.) j 02]c) ®(3 5)]c 

= Aii2Ai22Agrr(l “ C^)X2 (5(3 r)) (a(3 r)a(3 g) “ X (3 q) (5(3 r)5l22)a(3 g)0(3 r)) 

= -3^^ Aii2 Ai 22 AgrrX2 (5(3 r) )a(3 r)a(3 q) 

- All2Ai22Aqr-r(l “ C^)?X2(5(3 r))X(3 g) (5(3 r-)) [«(3 g)) ^(3r-)]c 

= -3^^ Aii2 Ai 22 AgrrX2 (5(3 r) )a(3 r-)a(3 g) 

+ 3Aii2Ai22Agrr'Aqqr(l f, )X(2p) (5(3 r) )o^3p)5ggr • 

Set s = 3 Aii 2 Agr,.^ 2 A,qr.X( 3 p)( 5 (ir-)), by Corollary [OS] ( 2 ): 

All2Aqrr(o2[a(ir),a(3g)]c - X(3g)(52)X(1 r) ( 52 ) [o(i r), 0(3q)]c02) 

S (o20(3p)0(3 pj X(3p) (52)X(1 p) (52)0(3 p)0(]^ p)02) 5ggr 
= s{a^ 2 p)a{lp) - ^ 122 {f - OX(lp) (52)0^3 p))fl'gqr 

“5 '^(X(3p)(52) X(3p) (52)X(lp) (52)X2(5(lp)))®(3p)®20(ip((7ggr 

= 'S(a(2p)a(ip) + Ai22(1 - f,)X(3p){92)af3p))9qqr, 
using once again Lemma (5.281 (ll and 1 = X(ip)( 52 )X 2 ( 5 (ip))- Adding up, 
^I12l<qrr[a(lr),0.(2q)]c = “ 3^^A 112 Ai 22 AgrrX 2 (5(3r))a(3r)a(3g) 

+ X2(5(lr))'S0(2p)0(ip)5ggr- 

Here we haye used that, as X(3p)(52)X(2p)(5i2) = X(3p)(5i22)?^ = 1 : 

Ai22(1 - 0X2(5(lr))X(3p)(52)s 
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= 3Aii2Ai22AqqrAgrr?^(l “ 0X2 (^(l r))X(3p) (5'2)X(3p) (^(l r-)) 

= -3Aii2Ai22AggrAgrr(l “ 0)X(3p)(52)X(2p)(fl'12)X(2p)(5(3r-)) 

~ 3Aii2Ai22AgqrAgrr(1 C )X(2p) (5(3 r))• 
Hence the terms corresponding to a^^p'^gqqr cancel. 

(3) We have, using q-Jacobi: 

Ai 12Agrr [Q'(1 q)) 6^(2 r)]c — Aii 2 Agj.j-[®2j ®(3 r)]c]c 

= Aii2Agrr[[a(lq), a2]c, a(3r)]c “ -^112AgrrX(3r) ( 52 ) [^(1 q), 0(3r)]c«2 
+ ^112AqrrX2(5(lq))02[a(lq), a(3r)]c- 

Now, by Lemma 15.281 and Corollary 15.341 

All2Aqrr[[a(lq), 02)0 a(3r)]c = Aii2Ai22Aqrr(l “ 0)X2 (5(3 g)) [“(3 g)) “(3 r)]c 

+ Aii2Ai22Aqrr(l “ 0)X2 (5(3 q) )X(3 r) (5(3 g)) (1 “ r)0-(3 q) 

= “3^ (1 ~ C )'^112Al22AqqrAqrrX2(5(3g))X(3r)(5g)0(3p)5i}gr 
+ 3Aii2 Ai 22 AqrrX(2 r) (5(3 (?) )o(3 r)0(3 q) ■ 

On the other hand, by Corollary 15.351 Lemma 15.281 and Corollary 15.341 

Ai12 Aqrr [o(l q)) 0(3 r)]c02 — 

= All2AqrrX(3(?)(5(lq))(l “ 0)o(3 q)a(l r-)a2 

— 3Aii 2 Aqj.j-AqqrX(3p) (5(1 q))^(3 p)^{l p)^29qqr 

= All2Aqr-rX(35)(5(lq))X2(5(lr))(l “ 0)o(3q)020(1 

+ Aii2Ai22Aqrr(l “ 0)^X(3 g) (5(1 q))X2 (5(3 r) )o(3 q)0(3 r) 

— 3Aii 2 Aqfr-AqqrX(3p) (5(1 q) )X2 (5(1 p) )0(3p)020(i p^fl'qq^ 

— 3Aii2Ai22Aqrr Aqqr(l “ ^ )X(3p) (5(1 q) )X2 (5(3 p) )0(3p)5qqT' 

= All2Aqr.rX(3q)(5(lq))X2(5(lr))(l “ 0)O(3q)020(1 

— 3^^ Aii2 Ai22 AqrrX(3 q) (5(1 q) )X2 (5(3 r) )X(3 r) (5(3 q) )0(3 r)0(3 q) 

— 3^ Aii 2 Ai 22 AqqrAqj-j.(l — ^ ) X(3 q) (5(1 q) )X2 (5(3 r) )X(3 r) (5q)0(3p')5qqr 

— 3All2Aqr.r AqqrX(3p) (5(1 q) )X2 (5(1 p) )o(3 p)020(i p^fl'qq^ 

— 3Aii2Ai22Aqrr Aqqr(l “ ^ )X(3p) (5(1 q) )X2 (5(3 p) )0(3p)5qqr 
= -3^^ Aii2 Ai22 AqrrX(3 q) (5(1 q) )X2 (5(3 r) )X(3 r) (5(3 q) )0(3 r)0(3 q) 

+ (1 - 0)All2AqrrX(2q)(5(lq))X2(5r)O(3q)a2O(ir) 

4" 3(1 — 0^112^122 AqqrAq,.rX(3p) (5(1 q))X2(5(3p))0(3 p)5qqr 

— 3Aii 2 Aqrr AqqrX(3p) (5(1 q) )X2 (5(1 p) )0(3 p)020(i p^gqq,.. 

Again, by Corollary 15.351 

All2Aqrr02[0(iq),a(3r)]c = ^112Aq,.rX(3q) (5(1 q))(1 “ 0)o(2q)0(1 r) 

+ All2AqrrX(3q)(5(lq))X(3q)(52)(l “ 0)o(3 q)02a(i r) 
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— 3Xii2 Xqrr ^qqrX{3 p){9(l q))^{2p)^{lp)9qqr 

— 3X\\2XqrrXqqrX{3p) (5(1 q))X{3p) (52)fl(3p)®20(l p)9qqr- 

Adding up, 

^112-^grr [®(1 g); 0(2 r)]c = 9^'^112^122^ggr-^grrX2(5(3 q))X{3r) (5g)®(3 p)9qqr 

+ 3(1 + 0^112'^122AgrrX(2r)(5(3g))fl(3r)O(3q) 

+ -^112AgrrX(2g)(5(lg))(l “ g)0(l r) 

— 3Aii2Agrr^ggrX(2p)(5(l q))^{2 p)0‘(l p)9qqr ■ 

(4) follows using (1) together with q-Jacobi and Lemma l5.ll □ 

Next, we order the elements ()5.29p in terms of the PBW basis. We have: 

Proposition 5.37. Assume p > 3. Then 

(5.36) 

XqrrO,p,q,r — -^qrr?Xg(5(lp))®(l r)®(l g)®(lp) 

— 3^ XqrrXqqrX{lr)i,9q)^{lp)9qqr 

— 3^ AgrrAll2Xggr-(5(lp))X(lr)(5(2q))®(3r)®(2g)®(lp) 

+ 3XqrrXi\2Xqqr (5(1 p) )Xl (5(3 g) )®(3 g)®(2 r)®(l p) 

— 3^^ Agrr All2Xggr (5(1 p) )X(3 r) (5(2 g) )X(2p) (5(1 g))o(3 r)0(2p)a(l g) 

+ 3Agrr Ai 12X(3p) (5l2)Xr (5(1 g) )a(3 p)«(2 r)a(l g) 

+ 3AgrrAll2(l — ?^)X(3p) (512)0(3p)“(2g)'^(lr) 

+ QXqrr -^112X(l g) (5(2 p) )0(3 g)0(2p)0(l r) • 

(5.37) XqrrO'p^r,q — Xqrr^ Xggr (5(1 p) )o(l r’)0(l g)0(l p) 

- 3^^ Aii2AgrrX(l g) (5(1 p))X(3 g) (5(1 r))Xr (5l)a(3 g)0(2p)a(l r) 

+ 3Aii2AgrrXl(5(3p))X(lg)(5r)0(3p)0(2g)0(lr) 

- 3^^ Aii2AqrrX(l r) (5(2p))o(3 r)0(2p)a(l g) 

+ 3Aii2Agr.j.Xl(5(3p))0(3p)0(2r)0(lg)- 

(5.38) XqrrO‘r,p,q — CXg(5(lp))'^grrO(l r)0(l g)O(lp) 

- 3^^ A112 AgrrX(3 g) (5(1 r) )X(2p) (5r )a(3 g) “(2 p)0(l r) 

+ 3Aii2AqrrX(3p) (5(2 r))X(2 g) (5(1 r))0(3p)0(2 g)0(l r) ■ 

Proof. We will go through the description of XqrrUp^q^r step by step, following 
the identities in the lemmas. The other two summands are simpler and will 
be presented in their final form. Every time there is a monomial that needs 
to be ordered, we shall highlight it on bold letters, for the reader to identify 
which is the bracket that needs to be computed for the next step. To do 
this, we shall use Corollaries 15.33115.35115.361 and 15.341 
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We shall also reduce some of the scalars, for instance we consider: 

^qrrX(lq)i9{lp))X{lr)i9{lp)9{lq)) ^qrrXri9{l q)) ■ 

However, we leave a full reduction to the end. 

We have, using Corollary 15. 3, 'll 

\qrr<lp,q,r = ^qrrX{l q){9{lp))X{lr){9{lp)9{l q))^{lr)^(l q)^{lp) 

+ X(1 q) {9{1 p))X{l r) {9(1 p))\rr [^(l q) j «(! r)]c«(lp) 

+ X{lq){9(lp))\rra(iq) [a(i p) , 0(1 j.)]c + \qrr\o-(lp)) R(1 q)\cO-(l r) 
^qrr^Xq{9(lp))^(lr)^(lq)^(lp) 

~ X(1 q){9(l p))x(l r) {9(lp))^^qrr^ X(1 r) {9q) ^qqrX{l p) {9qqr)(^(i p)9qqr 
X(1 q){9[l p))X(l r){9(l p)')^^qrrC '^112X(1 r) (5(2 q) )®(3 r)®(2 g)®(l p) 

X(1 q) ( 5(1 p))X(l r) ( 5(1 p))3Agj.j. A 112 XI (5(3p) )Xq (5(2 r))X(l r) (5q) 

®(3 q)®(2 r)®(l p) 

“ X (1 q) ( 5(1 p)) Aqrr3^ All2X(l r) (5(2p))3-(l q)^(3 r)0(2p) 

+ X(1 q) ( 5(1 p)) Aqrr3All2Xl (5(3p))®-(l q)®-(3 p)®(2 r) 

3^ A 112 Aqj.f.X(l q) ( 5(2 p))®(3 q)®(2p)®(l r) • 

Using X(iq)(5(ip)) = CXq(5(ip)), and 

AqqrX(lp)(5qqr) ^qqrCj 
AqqrX(lq)(5(lp))X(lr)(5(lp)) = ^qqrC 
AqrrAll2X(lq)(5(lp))X(lr)(5(lp)) = Agrr All2Xqqr’(5(1 p)) j 
Xl (5(3p))Xq(5(2 r))X(l r) (5q) Xl(5(3q)) 

X(1 q) (5(lp))X(l r) (5(2p)) ^Xqqr{9(lp))Xl{9(lr))i 

this becomes, applying Corollary 15.351 

Xqrr ^p,q,r Agj.j.Xr( 5 (l q))a(l r)a(l q)a(lp) 

-3^2 

Xqrr AqqrX(l r) {9q)0'(lp)9qqr 

— 3^ Agrr Aii2Xqqr (5(lp))X(l r) (5(2 q))a(3 r)a(2 q)a(lp) 

+ 3Aqrr All2Xqqr (5(1 p))Xl (5(3 q) )a(3 q)®(2 r)®(l p) 

3Aqr.j.Aii2Xqqr ( 5(1 p))Xl (5(1 r) )X(3 r) (5(1 q) )®(3 r)a(l q)a-(2 p) 

— 3Aqr.j.Aii2Xqqr ( 5(1 p))Xl (5(1 r)) [^(1 q)) 0(3 r)]cQ'(2p) 

“1“ Ai 12 X (1 q) (5(1 p))xi ( 5 ( 3 p))x( 3 p) (5(1 q))®(3p)a(l q)a -(2 r) 

“1“ ‘^Xqy'f Ai 12 X (1 q) ( 5(1 p))xi (5(3p)) [®(1 q) W(3p)]ca(2r) 

— 3^^AqrrAll2X(lq)(5(2p))0(3q)0(2p)a(lr) 

XqrrXr{9(l q))(^(lr)(^(l q)(^(lp) 

— 3^ XqrrXqqrX{lr){9q)^(lp')9qqr 
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3^ ^qrr^ll2Xqqri9{l p))X{l r)i9{2 q))^{3 r)^{2 q)^{l p) 

+ 3A(jrrr^ll2Xq(jr(5(lp))Xl(5(3ij))®(3(j)®(2r)®(lp) 

^^qrr^ll2Xqqr {,9(1 p)')Xl{.9{l r)')X{3r)i9(l g) )®(3 r)®-(l q)®-(2 p) 

3(1 ^ )'^grr^ll2Xqgr (5(1 p) )Xl (5(1 r) )X(3 (?) (5(1 (j) )®(3 r)^(2 p) 

+ 9^Xqrr^ll2^qqrXl{9(l r))X(3p)(5(l q))^(3p)^(l p)^(2p)9qqr 
+ 3Xqrr '^112X(l (?) (5(1 p))X(3p) (5(2 (?))®(3p)^(l q)^(2 r) 

- 3^^AgrrAll2X(lg)(5(2p))«(3 5)«(2p)«(lr)- 

We have also used 

^ggrXqqr{9(lp))X(2p){9qqr) = ^qqr^i Xl{9(3p))X{3p){9{l q)) = X(3p) (5(2 (?) ) • 
We obtain: 

XqrrO-p,q,r — ^(?rrXr’(5(l (?))®(1 r)®(l (?)®(lp) 

-3^2 

Xqrr ^ggrX{l r) (5(?)®(1 p)9qqr 

— 3^ Agr-rAll2X(?(7»'(5(lp))X(lr)(5(2(?))0(3r)0(2(?)0(lp) 

+ 3Aqrr All2X(?(?r(5(l p) )Xl (5(3 (?) )®(3 (?)®(2 r)0(l p) 

- 3Aqrr All2X5gr (5(1 p) )Xl (5(1 r) )X(3 r) (5(1 (?) )X(2 p) (5(1 (?) )«(3 r) 0(2 p)a(l g) 
3Aq,-j-Aii2X(?(?r(5(lp))Xl ( 5(1 r))X(3 r) ( 5(1 (?) )o(3 r) [o(l (?) j 0(2p)]c 

3(1 ^ )'^(?rr All2X(?gJ’(5(l p))Xl ( 5(1 r) )X(3(?) ( 5(1 g))X(2p) ( 5(1 r)) 

0(3 (?)0(2 p)0(l r) 

“ 3(1 — ^ ) Aqrr All2X(?gr ( 5(1 p) )Xl (5(1 r) )X(3 (?) (5(1 (?) )o(3 g) [o(i j-), 0(2 p)]c 
+ 9(^A|j,.r A 112 AgqrXl ( 5(1 r))X(2p) (5(lp) )X(3p) ( 5(1 (?))o(3p)0(2p)0(lp)5(?gr 
+ 9(^A|j,.r A 112 AqqrXl (5(1 r) )X(3p) (5(1 (?) )o(3p) [o(lp), 0(2p)]c5(?gr 
+ 3Agrr Ai 12X(1 (?) (5(lp))X(3p) (5(2 (?))X(2 r) (5(1 (?) )o(3p)0(2 r)0(l g) 

+ 3Agrr Ai 12X(1 (?) (5(1 p))X(3p) (5(2 (?))o(3p) [o(l (?) j 0(2 r)]c 

— 3^ '^(?rr'^112X(l (?) ( 5 ( 2 p))0(3 qr)0(2p)0(i j.). 

Observe that Xi(5(ir))X(2p)(5(ir)) = X(ip)(5(ir)) and that we can add the 
two terms a(^q)a( 2 p)(^(ir) and the corresponding scalar becomes: 

~ 3(1 — ^ ) Aqr-7-Aii2X(?(?T'(5(l p))x(3(?) ( 5(1 (?))x(lp) ( 5(1 r)) 

- 3^^AgrrAll2X(lg)(5(2p)) = -3AqrrAll2X(lg)(5(2p))^^X 

X (^(1 - i^)iXqqr{9(lp))X(3q){9{lq))X(lp){9{lT))X(2p){9(lq)) + l) 

“3Aqj.r Aii 2X(1 (?) (5(2p))? ^(1 ~ ? )? 6'^(?rr'^112X(l (?) (5(2p) )• 

Now, we apply Corollary 15.361 

Xqrr(lp,q,r — ^qrrXr{9{lq))^{lr)^(lq)^(lp) 

-?,e Xqrr ^ggrX(l r) {9q)0‘(ip)9qqr 
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3^ ^qrr^ll2Xqqr{^9{lp))X(l r) {9(2 ij))®(3 r)®(2 q)^(lp) 

+ 3AqrrAll2Xggr(5'(lp))Xl(5(3q))0(3g)0(2r)0(lp) 

3Agj-j-Aii2Xggr ( 5(1 p) )Xl (5(1 r) )X(3 r) (^(l g) )X(2p) (5(1 g) )®(3 r)®(2 p)®(l q) 

+ 9C^\rrAll2Al22Xggr(5(lp))Xl(5(lr))X(3r)(5(lg))X2(5(3g)) 

®(3 r)®(3 g)®(3p) 

+ 9C^(1 - C^)^grrAll2Ai22Xggr(5(lp))Xl(5(lr))X(3g)(5(lg))X2(5(3r)) 

a(3q)a(3r)«(3p) 

+ 9^A|jrr All2AggrXl(5(l r))X(2p) (5(lp))X(3p) (5(1 g))®(3p)'^(2p)®(lp)5ggr 

— 27Agj-r A 112 Al22AgqrXl ( 5(1 r))X(3p) (5(1 g))X2(5(3p))®(3 p)9qqr 
+ 3Aqrr Ai 12X(1 g) (5(1 p) )X(3p) (5(2 g) )X(2 r) (5(1 g) )«(3p)«(2 r)«(l g) 

+ 27^AgrrAll2Al22AggrX(lg)(5(lp))X(3p)(5(2g))X2(5(3g))X(3r)(5g) 

3 

®(3p)5ggr' 

+ 9(1 + 0-^gr'rAll2Al22X(lg)(5(lp))X(3p)(5(2g))X(2r)(5(3g)) 

a(3p)a(3r)«(3g) 

~1~ 3Agyy’ Ai 12(1 - ^^)X(lg)(5(lp))X(3p)(5(2g))X(2g)(5(lg))a(3p)«(2g)a(lr) 

— 9Agrr All2AqqrX(l g) (5(lp))X(3p) (5(2 g))X(2p)(5(l g) )®(3p)®(2p)®(l p)5ggr 
“1“ GAgyy’ Ai12 X(1 g) (5(2p))a(3 g)«(2p)a(l r) • 

Observe that the terms o^ 3 p) 5 ggr have the scalar 

27(1 — ^ )Agrr All2Ai22AggrX(3p) (5g)Xg(5l) 

On the other hand, the terms a( 3 p)a( 2 p) 0 (ip) 5 ggr cancel with each other. 
We order the terms a( 3 *)a( 3 *) 0 ( 3 *) using Corollary 15.341 and we get; 

Agrr®p,g,r — Agj-rXr (5(1 g))®(1 r)®(l g)®(l p) 

— 3^ Agi-r AggrX(l r) (5g)®(lp)5ggr 

— 3^ Agj-j.Aii2Xggr (5(lp) )X(1 r) (5(2 g))®(3 r)®(2 g)®(lp) 

+ 3Agj-j.Aii2XggT'(5(lp))Xl(5(3g))®(3g)®(2r)®(lp) 

3Agj-j. Aii2XggT' ( 5(1 p) )Xl ( 5(1 r) )X(3 r) ( 5(1 g) )X(2p) ( 5(1 g) )®(3 r)®(2p)®(l g) 
+ 9^^ Agrr A 112 Ai22Xggr (5(1 p) )Xl (5(1 r) )X(3 r) (5(1 g) )X2 (5(3 g)) 

«(3r)«(3g)«(3p) 

+ 9C^(1 - ?^)AgrrAll2Ai22Xggr(5(lp))Xl(5(lr))X(3g)(5(lg))X2(5(3r)) 

X(3 r) ( 5(3 g) )®(3 r)®(3 q)^(3p) 

+ 9C^(1 - ?^)AgrrAll2Ai22Xggr(5(lp))Xl(5(lr))X(3g)(5(lg))X2(5(3r)) 

[®(3g)) ®(3r)]ca(3p) 

+ 27(1 — ^ )AgrrAll2Ai22AggrX(3p)(5g)Xg(5l)®(3p)5ggr 
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+ 3Agj.j-A ii 2X(1 g) ( 5(1 p) )X(3 p) {. 9(2 g) )X(2 r) ( 9(1 q) )®(3p)®(2 r)®(l g) 

+ 9(1 + 0’^g)-rAll2Al22X(lg)(5(lp))X(3p)(5(2g))X(2r)(fl'(3g))X(3r)(5(3p)) 

X(3 q) (5(3 p))®(3 r)®(3 g)®(3p) 

+ 9(1 + 0’^g»-rAll2Al22X(lg)(5(lp))X(3p)(5(2g))X(2r)(fl'(3g))X(3r)(5(3p)) 

®(3 r) [®(3p)) ®(3g)]c 

+ 9(1 + 0’^g»-rAll2Al22X(lg)(5(lp))X(3p)(5(2g))X(2r)(fl'(3g)) 

[«(3p)) 0(3r)]cO(3g) 

+ 3Agj.j.A3i2 (1 ? )X(1 g) (5(1 p) )X(3p) (fl'(2 g) )X(2 g) ( 5(1 g) )®(3 p)®(2 g) ®(1 r) 

+ GA^T-T- '^112X(1 g) (5(2 p) )«(3 g) «(2p)«(l r) • 

That is, 

Xqrr^p^q,r — ^grrXr(5(l g))®(l r)®(l g)®(lp) 

— 3^ -^grr AggrX(l r) (5g)'^(lp)5ggr 

— 3^ '^grr'^112Xggr (5(lp) )X(1 r) ( 5(2 g))®(3 r)®(2 g)®(lp) 

+ 3AgrrAll2Xggr(5(lp))Xl(5(3g))«(3g)®(2r)®(lp) 

3Agj.j. Aii2Xggr (5(1 p) )Xl (5(1 r) )X(3 r) (5(1 g) )X(2p) (5(1 g) )®(3 r)®(2p)®(l g) 

+ 9^^ Agrr A 112 Al22Xggr (5(1 p) )Xl (5(1 r) )X(3 r) (5(1 g) )X2 (5(3 g)) 

®(3 r)®(3 g)®(3p) 

+ 9^^(1 - ?^)AgrrAll2Ai22Xggr(5(lp))Xl(5(lr))X(3g)(5(lg))X2(5(3r)) 

X(3 r) ( 5(3 g) )®(3 r)®(3 g)®(3p) 

— 27^^(1 - ^^)Agi.rAll2Al22AggrXl(5(lr))X(3g)(5(lg))X2(5(3r)) 

X(3r)(5g)a-(3p)5ggr 

+ 27(1 — ^ ) Aqr.r-Aii2 Ai22AggrX(3p) (5g)Xg(5l)®(3p)5ggr 
“h 3Aqi7^7’ ^112X(1 g) (5(lp))x(3p) (5(2 g))x(2 r) (5(1 g))®(3p)®(2r-)®(l g) 

+ 9(1 + 0^g»-rAll2Al22X(lg)(5(lp))X(3p)(5(2g))X(2r)(5(3g))X(3r-)(5(3p)) 

X(3 g) ( 5(3 p))®(3 r)®(3 g)®(3p) 

+ 3AgrrAll2(l - C^)X(lg)(5(lp))X(3p)(5(2g))X(2g)(5(lg))«(3p)“(2g)«(lr) 

+ GAgr-r Aii 2X(1 g) (5(2 p) )“(3 g) «(2p)0(l r) ■ 

On the one hand, the terms involving o-^^p^gqqr cancel with each other, 
and so do the ones involving a(3r)«(3g)fl(3p)- We use 

All2Xl(5(lr))X(3r)(5(lg)) = ^112^^X(3 r) (5(2 g)) 
•^112X(lg)(5(lp))X(3p)(5(2g))X(2g)(5(lg)) = All2X(3p) (512 ) 

to simplify the scalars and we end up with (I5.36p . 

Similar computations lead to (I5.37P and ()5.38l) . □ 
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